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ABSTRACT. For the Gaussian free field on a (d + 1)-regular tree with d > 2,
we study the percolative properties of its level sets in the critical and the near-
critical regime. In particular, we show the continuity of the percolation probabil-
ity, derive an exact asymptotic tail estimate for the cardinality of the connected
component of the critical level set, and describe the asymptotic behaviour of the
percolation probability in the near-critical regime.

1. INTRODUCTION

In this paper we study the level-set percolation for the discrete Gaussian free
field on regular trees, with focus on its properties in the critical and the near-
critical regime. Our results include the continuity of the percolation function, an
exact asymptotic tail estimate for the cardinality of the connected component of
the critical level set, and describe the asymptotic behaviour of the percolation
probability in the near-critical case.

The level-set percolation of the Gaussian free field, in particular on Z¢, is one of
the most important and studied percolation models with long range dependencies,
with first studies dating back to 1980s, [MS83, L.S86, BLMS&7|. In the past decade,
a new wave of results on this model was initiated by [RS13], where it was shown
that, on Z%, this model exhibits a non-trivial percolation phase transition at a
critical level h* = h*(d) in any dimension d > 3. In the subsequent papers, see
for instance [RS13, DRS14, PR15, DPR18, Szn19, CN20, GRS22, PS22|, the sub-
and supercritical phases of the model were understood thoroughly, often making
use of additional natural critical points in order to work in a strongly sub-/super-
critical regime. In the remarkable paper [DGRS20], it was then shown that all
those critical points agree with h*, that is the percolation phase transition is sharp
(for a recent, simpler, and more general proof of the sharpness see [Mui22]|).

Compared to the sub- and supercritical regime, the critical and near-critical
regimes are much less understood. On Z?, the situation is to some extend similar
to the Bernoulli percolation: it is not known whether the percolation probability
is continuous at h*, and the existence of various critical exponents is only con-
jectured. Only very recently, [Mui22] provided a first (conjecturally not-optimal)
upper bound on the critical exponent ( involved in near-critical asymptotics of

the percolation probability.
1
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Incidentally, the critical behaviour is much better understood on the related
model of Gaussian free field on the metric graph of Z?, where the continuity of
the percolation function is known [DW20, DPR22|, and various critical exponents
were computed in [DPR21].

Here, we study the critical behaviour in a considerably simpler situation, for
the level-set percolation of the Gaussian free field on regular trees. This model
was initially investigated in [Sznl16| where the critical value h* was characterised
as the largest eigenvalue of certain integral operator, and a coupling with random
interlacements was used to derive bounds on A*, implying in particular that 0 <
h* < oo. Later, in [AC20], the sub- and supercritical phase of the model was
studied in detail. Their results include the continuity of the percolation probability
away from the critical level h*, and rather precise estimates for the cardinality of
the connected components of the level sets in the sub- and super-critical phase.
We complement these results with critical and near-critical estimates.

Similarly to [Sznl6] and, in particular, to [AC20]|, we will take advantage of a
connection of the Gaussian free field on regular trees to certain multi-type branch-
ing processes (cf. Section 3 below). The analysis of these branching processes is
not completely straightforward, as their type space is uncountable and unbounded
and they do not satisfy the conditions used in the classical literature on branching
processes [Har63, Mod71, AN72|. Fortunately, these conditions can be substituted
by certain hypercontractivity estimates (cf. Proposition 3.2 below), which have
already been featured in the previous works. We are also not aware of any results
about near-critical multi-type branching process which resemble our analysis of
the near-critical behaviour of the percolation probability.

2. MODEL AND RESULTS

We now define our model. Let T be the infinite (d + 1)-regular tree, with d > 2,
rooted at an arbitrary fixed vertex o € T. On T we consider the Gaussian free
field ¢ = (¢4)zer, Which is a centred Gaussian process whose covariance function
agrees with the Green function of the simple random walk on T, see (3.1) below
for the precise definition. We use P to denote the law of this process on R”, and,
for a € R, we write P, for the conditional distribution of ¢ given that ¢, = a,

Bo[-]= P[] o =dal. (2.1)

(For an explicit construction of P, see (3.3) and the paragraph below it.) Let
further 0 € T be an arbitrary fixed neighbour of the root o and define the forward
tree TT by

T* := {x € T : 0 is not contained in the geodesic path between o and x}. (2.2)

We analyse the percolation properties of the (super-)level sets of ¢ above level
h € R, that is of

h .__ .
El={zeT: ¢, >h} (2.3)
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In particular, we are interested in the connected component of this set containing
the root o,

C":={y € T :y is connected to o in EZ}, h € R. (2.4)
The critical height h* of the level-set percolation is defined by
h* = h*(d) := inf{h € R : P[|C"| = o] = 0}. (2.5)

It is well known that h* is non-trivial, more precisely h* € (0,00), see [Sznl6,
Corollary 4.5|. Moreover, as proved in [Sznl6|, h* can be characterised with help
of the operator norms of a certain family of non-negative operators (L, )ner acting
on the space L?(v), where v is the centred Gaussian measure with variance o2 =
d/(d —1). We give more details of this characterisation in Section 3 below. Here,
we only define A\, to be the largest eigenvalue of L, and y; the corresponding
normed eigenfunction, and recall that h* is the unique solution to

Ah* — ]_ (26)
Since we will mostly deal with the critical case, we often abbreviate
X = xn and L := L. (2.7)

For a, h € R we further introduce conditioned percolation and forward percola-
tion probabilities by

n(h,a) = P,[|C"| = 0] and nT(h,a) = P,[|C"NT"| = o0]. (2.8)

It is known that both of these functions are identically 0 when h > h*, and for
h < h* they are strictly positive iff a € [h, 00), see [Sznl6, Proposition 3.3 and its
proof]|.

Our first two results consider the behaviour of C? at the critical height h = h*.
The first interim result shows that there is no percolation at h*.

Theorem 2.1. For all a € R,
n(h*,a) = it (h*,a) = 0, (2.9)
and, as consequence,
P[IC" NT*| = oo] = P[|IC"| = o] = 0. (2.10)

As corollary of this theorem, we directly obtain the continuity of the percolation
functions. This extends Theorem 5.1 of [AC20], where it is shown that the func-
tions h — n(h,a) and h — n*(h,a) are left-continuous everywhere and continuous
on R\ {hn*}.

Corollary 2.2. The functions h — n(h,a) and h — n*(h,a) are continuous for
every a € R.

The second result considers the cardinality of C*" in the critical case, and de-
scribes its exact asymptotic tail behaviour. In particular it gives a probabilistic
meaning to the eigenfunction y.
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Theorem 2.3. For every a > h*, ast — oo,
PJICH T > ] = Cix(a)t 2 (1 + o(1)), (2.11)
PJCY | >t = Cid ' (d + 1)x(a)t/2(1 + o(1)), (2.12)
where, denoting by (-,-), the scalar product on L*(v), the constant Cy is given by
1 2d (1, x)v
= . . 2.1
RYGYE) \/ -1 Toxd) (2.13)

Remark 2.4. Theorem 2.1 could be seen as a corollary to Theorem 2.3, but we
prefer to state it separately, since the former theorem is used in the proof of the
latter one.

Remark 2.5. Combining Theorem 2.3 with the stochastic domination (see (3.4)
below), it follows that

a — xp+(a) is non-decreasing, (2.14)
which, to our knowledge, was not known previously.

Our third result considers the percolation probabilities in the near-critical super-
critical regime. We are able to describe their asymptotic behaviour as h T A*. Asin
Theorem 2.3, the limiting objects can be expressed in terms of the eigenfunction y.

Theorem 2.6. The percolation probabilities n and n™ can be written as

nt(h,a) = Co(h* = h)(x(a) + r} (a)), (2.15)
n(ha) = Cy L — 1) (x(a) + ra(a)). (2.16)

where for an arbitrary € € (0,1] the reminder functions r, and r;" satisfy
lim |ry | 2=y = lim[|r;{|2-<() = 0, (2.17)

hth* hth*
and where, with Id denoting the identity on R, the constant Cy is given by

d—1(Id, x*),
Cy=2 - ——-——="—. 2.18
’ d+1 (x,x*)v (2.18)
Remark 2.7. As a consequence of Theorem 2.6, the critical exponent [ defined by

h|—
B = limpp- % satisfies § = 1. This coincides with the conjectured value

of this exponent for the Gaussian free field on Z¢, as well as with its rigorously
proved value on a large family of metric graphs, [DPR21, Corollary 1.2].

We now briefly discuss the structure of this article. In Section 3 we introduce
more notation and collect useful known facts about the Gaussian free field on T.
The proof of Theorem 2.1, which used the techniques known from the theory of
multi-type branching processes, and exploits the convergence of a certain non-
negative martingale (see (3.15)), is given in Section 4. In Section 5 we give the
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proof of Theorem 2.3, using the Tauberian theory and investigating the Laplace
transform of the cardinality of C*". Finally, in Section 6, we use results on bi-
furcations on Banach spaces together with the defining equation for the forward
percolation probability introduced in [AC20] (see (6.1)) to prove Theorem 2.6.

3. NOTATION AND USEFUL RESULTS

In this section we introduce the notation used throughout the paper and recall
several known facts concerning the level set percolation of the Gaussian free field
on trees.

As already stated in the introduction, we use T to denote the (d+1)-regular tree,
d > 2, that is an infinite tree whose every vertex has exactly d + 1 neighbours. For
two vertices x,y € T we use d(z,y) to denote their usual graph distance. The tree
is rooted at a fixed arbitrary vertex o € T, and 0 € T denotes a fixed neighbour of
o. T* denotes the forward tree as defined in (2.2).

We consider the Gaussian free field ¢ = (¢;)zer Which is the centred Gaussian
process on T whose covariance function is the Green function of the simple random
walk on T, that is

1 oo
Elorpy] = g(z,y) = mEz [Z 1Xk:y:|7 z,y €T, (3.1)
k=0

where [E, stands for the expectation with respect to the simple random walk
(Xk)r>o on T starting at « € T.

We frequently use the fact that that the Gaussian free field on T can be viewed as
multi-type branching process with a continuous type space (see [Sznl6, Section 3]
and [AC20, Section 2.1]). To this end, we define

o= 4 and oy = d%‘ll,

Yod—-1
and let (Y )zer be a collection of independent centred Gaussian random variables
on some probability space (€, A, P') such that Y, ~ N (0,02) and Y, ~ N(0,0%)
for x # 0. We then recursively define another field ¢ on T by

(a) 60 =Y,
(b) for x # 0, &, = @z +Y, where Z is the direct ancestor of z in T, that (3.3)
is the first vertex on the geodesic path from x to o different from =x.

(3.2)

As explained e.g. in [AC20, (2.9)], the law of ($,)ser under P’ agrees with the
law P of the Gaussian free field ¢. Therefore, we will always assume that the
considered Gaussian free field is constructed in this way and will not distinguish
between ¢ and .

Representation (3.3) of ¢ can be used to give a concrete construction for the
conditional probability P, introduced in (2.1): It is sufficient to replace (a) in (3.3)
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by ©o = a. In addition, (3.3) easily allows to construct a monotone coupling of P,
and Py. As the result we obtain:

If a < b, then P, stochastically dominates P,, (3.4)

that is F,[f(0)] < Ey[f(¢)] for every bounded increasing function f : RT — R.

From the construction (3.3) it follows that the root o can be viewed as an initial
particle of a multi-type branching process; its type is distributed as Yy. Every
particle Z in this branching process has then d offsprings (d + 1 if £ = 0) whose
types are independently given by ¢z + Y, with Y ~ N(0,0%).

The branching process point of view can be adapted to C”, by considering the
same multi-type branching process but killing all particles with type lower than
h (and thus also not allowing them to have descendants themselves). Similarly,
C" N'T* can be constructed the same way, with the only difference that in this
case also the root node o has d potential descendants, instead of d + 1. We denote
by Z! the n-th generation of this branching process

Zh={reC"nT" :d(o,x) =n}, heRneN (3.5)

We now recall more in detail the spectral machinery introduced in [Sznl6] in

order to characterise the critical value h*. Let v be a centred Gaussian measure on

R with variance o2 (as defined in (3.2)), and let Y be a centred Gaussian random

variable with variance o%. The expectation with respect to this random variable

is denoted Ey. We consider the Hilbert space L*(v) = L*(R,B(R),v), and for
every h € R we define the operator L, on L?*(v) by

Li[f)(a) = 1jpe0)(a) d By [1[h,oo> (Y + %>f<y + %)}

a
= ljn,00)(a) d f(z)py <$ — E) de,
[h,00)
where py denotes the density of Y. We let A, to stand for the operator norm of
Ly in L*(v),

(3.6)

)\h = HLh||L2(1/)~>L2(Z/)' (37)
The following proposition summarises some known properties of the operator
Ly, as well as the connection between Lj and the critical height A*.

Proposition 3.1 ([Sznl6] Propositions 3.1, 3.3, Corollary 4.5). For allh € R, L,
is a self-adjoint, non-negative, Hilbert-Schmidt operator on L*(v), Ay is its simple
eigenvalue and there exists a unique X > 0 with unit L*(v)-norm, continuous,
strictly positive on [h,00), vanishing on (—oo, h), such that

Lu[xn] = Anxn- (3.8)

Additionally, the map h — N, is a decreasing homeomorphism from R to (0,d)
and h* is the unique value in R such that A\« = 1. Finally, for every d > 2,

0<h"<oo. (3.9)
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Later we will need the following estimates on the norms of Ly[f] which follow
from the hypercontractivity of the Ornstein-Uhlenbeck semigroup, see (3.14) in
[Szn16] and (4.12) in [AC20].

Proposition 3.2. For every f € L*(v), he R, 1 <p< oo and q < (p—1)d*+1,

12l < B [£ (v + 2)]],,,, € AWl (320)

In particular (taking p = 2),
HLh[f]kHL2(V) < d|flzq)  Soralll <k <d+1. (3.11)
The eigenfunctions y, of Lj, were studied more in detail in [AC20]. We will need

the following proposition describing their behaviour. (Note that [A(VJVZ()] considers
d-regular trees, and thus d in our setting corresponds to d — 1 in [AC20].)

Proposition 3.3 ([AC20] Proposition 3.1). (a) There exists ¢ > 0 such that

xn(a) < ca' ™8™ for all h € R and a > d. (3.12)
(b) For every h € R there ezists ¢, > 0 such that
xn(a) > cpat™8an) for gl a > h. (3.13)

Finally, we introduce the filtration
Fn ::a(cpx cx €T, d(o,z) gn), n >0, (3.14)

and recall from [Szn16, (3.35)], that the (F,)-adapted process M" = (M"),>¢
defined by

MY =2 xn(ea) (3.15)
xEZN
is a non-negative martingale under P as well as under every P,, a € R.
Throughout the paper we use the usual notation for the asymptotic relation
of two functions: For functions f and g, we write f(s) ~ g(s) as s — s if

% = 1, and write f(s) = o(g(s)) as s — s¢ if lim,_, IJ;8| = 0. We use
¢,c,cq,. .. to denote finite positive constants whose values may change from place
to place and which can only depend on d. The dependence of these constants on

additional parameters appears in the notation.

hms—)so

4. PERCOLATION PROBABILITY AT THE CRITICAL HEIGHT

In this section, we will show Theorem 2.1 which states that there is no percola-
tion at critical height h*. Its proof uses arguments that are rather common in the
context of branching processes and is given for sake of completeness. It exploits
the fact that the martingale (M"),5¢ introduced in (3.15) converges almost surely,
which induces certain boundedness of the sizes of the generations Z" (see (3.5)) as
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well as of the value of the field on them. This is then enough to show the almost
sure finiteness of C*" N TT.

To keep the notation simple, we often omit A = h* from the notation and write,
e.g., Z, = 2", M, = M" and x = x;-. Let A be the event that C*" N T+ has
infinite size,

A= {|C" NT"| = o0}, (4.1)
and let ®,, = max,cz, ¢, to be the maximum of the field over Z,, (with the
convention that a maximum over the empty set is —oo). For H > 0, N € N we
define the events

Cy={®,<Hforalln>0} and Dy :={|Z,] < N foralln>0}. (4.2
We first show that for H and N large those events are typical.

Lemma 4.1. For every a > h* and € > 0 there is H = H(a,e) < oo and
N = N(a,e) < oo so that

PQ[CH] Z 1- g, (43)
PDy]>1--. (4.4)

Proof. From the almost sure convergence of the non-negative martingale M, it
follows that
for every e > 0 there is N < co such that P,[sup M, < N| >1—e. (4.5)
n>0

Indeed, assume that the statement does not hold. Then, there exists a ¢y > 0
such that the events Ay = {sup M,, > k} satisfy P,[Ax] > o for all k € N. Since
Agy1 C Ay, this implies P,[sup M,, = oo] > &¢ which contradicts the almost sure
convergence of M to a finite limit.

To prove (4.3), observe that Ap« = 1 implies that M,, = > _, x(vz) > x(Pn).
Therefore, setting H' = inf{x(h) : h > H} and using that ®, > H implies
x(®,,) > H’', we obtain

Cy = {supq)n < H} D {supx(@n) < H'} D {supMn < H'}. (4.6)

By Proposition 3.3 lim,_,o x(z) = oo, and thus for N as in (4.5) there is H' so
that H' > N + 1. Estimate (4.3) then follows from (4.5) and (4.6).

Estimate (4.4) is proved similarly. By (3.13) there is ¢ > 0 such that ¢ < x(h)
for every h € [h*,00). Therefore, M, > c|Z,|, and thus Dy 2 {sup M,, < cN}.
Claim (4.5) then directly implies (4.4). O

We now argue that the events Cy and Dy exclude the percolation event A.
Lemma 4.2. P,[ANCy NDy| =0 for every a > h*, H > h*, and N > 1.

Proof. For given H > h* and N > 0, let ©,, be the event that up to generation n,
no generation of C* N TT exceeds N and the field is bounded by H,

O, = {|Zx]| < N and &, < H for all k£ < n}, n >0, (4.7)
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and let A, be the event that the n-th generation is non-empty,
A, ={|Z,| > 0}, n > 0. (4.8)

The sequences A,, and ©,, are decreasing, with N,>00,, = Cg N Dn, Nyp>0A, = A.
Therefore,
P,JANCy NDy] = lim P,[A,NO,]. (4.9)
n—oo

We will show that this limit is zero. Conditionally on the event ©, N A,, the
number of particles in 7, is limited by N and their types are bounded by H.
Therefore, by the stochastic domination (3.4), the conditional probability that
Zn11 is empty can be bounded from below by the probability that N independent
particles of type H have no descendants,

PJAS | AN O, > Pyl|Zi] = 01N > c> 0. (4.10)
As consequence, since A,.1 N O, C A, NO,,
Pa[An—i—l N @n—H]

= Pa[AnJrl N @nJrl | An N @n] < Pa[An+1 ’ An N @n] <1l-ec

P,[A, N O,]
(4.11)
Applying this bound inductively proves that the limit on the right-hand side of
(4.9) is zero, completing the proof. O

With help of Lemmas 4.1, 4.2, it is straightforward to complete the proof of
Theorem 2.1.

Proof of Theorem 2.1. By Lemma 4.1, for an arbitrary ¢ > 0 and a € R there is
H and N such that P,[Cy] > 1 — ¢ and P,[Dy] > 1 — . Therefore, using also
Lemma 4.2

0=P,[ANCy NDy] > P,[A] — 2. (4.12)

Since ¢ is arbitrary, this implies P,[A] = 0 as required. The second claim of the
theorem follows from the equality

PlA] = / Pl A] v(da) = 0, (4.13)
which holds due to (3.3). O

5. DISTRIBUTION OF THE SIZE OF THE CRITICAL CLUSTER

In this section we prove Theorem 2.3 describing the asymptotic behaviour of the
size of the connected clusters |C?"| and [C*" N'T*| in the critical case h = h*.
To this end we denote by T the total size of C*" restricted to the forward tree,

T:=|C" NnT, (5.1)
and let £,(s) be its Laplace transform under P,,

La(s) = Ea[e’ST], a€R, s>0. (5.2)
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The proof of Theorem 2.3 is based on the following classical Tauberian theorem,
that connects the asymptotic behaviour of the cumulative distribution function of
a random variable at infinity and its Laplace transform near zero.

Proposition 5.1 (Corollary 8.1.7, [BGT89]). Let X be a non-negative random
variable with cumulative distribution function F and Laplace transform L(s) =
Ele=*X]. For 0 < a <1 and a function { : [0,00) — [0,00) slowly varying at oo
the following are equivalent:

(a) 1 —L(s) ~T(1 —a)s*(1/s) as s — 0T,

(b) 1 —F(t) ~t“(t) ast — oo.

In view of this proposition, to show Theorem 2.3 we first need to control the
asymptotic behaviour of 1 — L,(s).

Proposition 5.2. For every a > h*,
lims™/%(1 — L4(s)) = CiT'(1/2)x(a), (5.3)

sl0
where Cy was defined in (2.13).

We start with some basic observations and definitions that will eventually lead
to the proof of this proposition. By Theorem 2.1, P,[T = oo] = 0 for every a € R,
and thus

13{61 (1= La(s)) =0. (5.4)

Moreover, the Laplace transform L, (s) satisfies the recursive equation

Lois) = 47 Brlg @) itz (55)
¢ 1, if a < h*, '

where, as in (3.6), Y ~ A(0,0%). To see this in the case a > h* (the other case
is trivial), it is sufficient to write 7' =1+ T} + - -+ + Ty, where T} is the size of
the intersection of C'" with the sub-tree of the i-th neighbour z; of the root o, and
observe that 717, ..., T, are conditionally independent given ¢, = a with respective
Laplace transforms

Eo[e™"] = E,[E[e™"

¢ul] = BalLy,, ()] = Ey[Larv(s)],  (5.6)
where the last equality uses the branching process representation (3.3) of .
We further set
’YS(CL) =1- ‘Ca(s)a (57)
and note that vs(a) = 0 for a < h*, v5(a) € [0,1] for every s > 0 and a € R,

and therefore for every s > 0, v, € L*(v). By (5.5), using the operator L = Ly
from (3.6), for a > h*,

Lla) =By L (S v)] = e (1 20hd@) " 69)
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Rearranging this equality implies that for a > h* and s > 0,

L—e™* —5(a) + e Lyl (a) = e~ f(L[7](a), (5.9)
where the function f : [0,d] — R is defined by

F(z) = fa(z) = (1 - g)d 4= kzi; (Z) (—1)k(§)k. (5.10)

Equation (5.9) will be the starting point for several proofs that follow.
We continue with a simple observation about the function f.

Lemma 5.3. For any d > 2 there are constants ci, ¢ such that for all x € [0,d],
cr® < f(z) < e (5.11)

Proof. From (5.10) it is easy to see that f is smooth, strictly convex on [0, d] with
f(0) = f'(0) = 0 and f”(0) = ¢ > 0. It follows that cz?/2 < f(x) < 2cx? for x in
a certain interval [0, ], and that f is strictly positive and bounded on (g, d]. From
these two facts the lemma easily follows. O

In the remainder of this section we exclusively work in L?(v), and denote by || - ||
and (-, ) the corresponding norm and scalar product. Since L is self-adjoint (see
Proposition 3.1), L?*(v) has an orthonormal basis consisting of the eigenfunctions
{ex}r>1 of L corresponding to the eigenvalues {A\g}r>1. Since h = h*, by Propo-
sition 3.1 we may assume that 1 = A\; > |[Ao| > |A3] > -+ > 0 with A\, — 0 as
k — oo, and also e; = x. Therefore

Yo=Y ap(s)er,  with  ap(s) = (75, €x). (5.12)
k>1
By considering the first summand separately, we write v as
Vs = ag + B, with as = ay(s)x and f, == Zak(s)ek. (5.13)
k>2
Observe that

Ll = Z Arag(s)er = as + Z Arag(s)ex = as + L[Bs]. (5.14)
k>1 k>2
and thus
(s = LIl x) = 0. (5.15)
Since v;(a) € [0, 1], the definition (3.6) of L and Lemma 5.3 imply that
0< L[] <d and  0< f(L[vs]) < oL[v]?* < cod®. (5.16)

From the pointwise convergence (5.4) of 75 to 0, using successively the dominated
convergence theorem and the continuity of L, it follows that

. IRT T - . 2
lim y, = lim L[y, = lim f(Ll%]) =0 in L*(»). (5.17)
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I” =

In particular ax(s) — 0 as s | 0 for all & > 1. Finally, since ||vs — L[vs]
P iza(l = A)ar(s)® 2 D 04sn(1 = |Aaf)?ar(s)® = (1 — [A2])[| 5%, it holds that
1
s < — s L sll- 5.18
1.1 < =gl = Ll (5.18)

The following three lemmas are the main preparatory steps for the proof of
Proposition 5.2. They together show that a, dominates [ in norm and then
estimate «ay precisely.

Lemma 5.4. There is a constant ¢ < oo such that ||as||* < cs for all s small

enough.

Proof. Noting that y = 0 on (—o0, h*) and applying (-, x) on both sides of (5.9)
yields

(1—e*)((1,x) —ai(s)) = e *(f(L[vs]), x) fors>0. (5.19)
By (3.13), x > ¢ > 0 on [h*, 00). Therefore, using also Lemma 5.3, the right-hand
side of (5.19) satisfies for s <1

e (f(LIs]), x) = elLll® x) = CIL]IP = las® = dan(s)?, (5.20)

where the last inequality follows from the orthogonal decomposition (5.14). To-
gether with (5.19), this gives

(1—e (1, x) —a1(s)) > day(s)* for s < 1. (5.21)
Since, as s | 0, (1 —e™®) ~ s and a;(s) — 0 this finishes the proof. O
Lemma 5.5. There is a constant ¢ < oo such that ||5s|| < cs for s small enough.

Proof. We rearrange equation (5.9) to obtain

Vs = Llys] = (1= e™*)(1 = Lv]) — e f(Llys]) on  [h%,00). (5.22)
Since the left-hand side is identically zero on (—oo, h*), taking norms yields
l7s = L]l < (1 = €)1 = Lyl + 1/ (L] - (5.23)
Using (5.16), 1 — e™® < s, and Lemma 5.3, this implies
1vs = LIl < (1 + d)s + e Lyl (5.24)

The norm on the right-hand side can be bounded using Proposition 3.2 and the
inequality (a + b)? < 2a” + 2b%,

LI I < dllsll® < dlflesll + 18:D* < 2d (o [* + [18:])- (5.25)

Combining (5.24), (5.25) with (5.18), we obtain that for a constant ¢ < co and all
s > 0 small enough

18]l < s + clls||* + cll Bs1*. (5.26)

By (5.17), lims_o||7s|| = 0 and thus limg_,¢||fs]] = 0 as well. The claim of the
lemma then follows easily from Lemma 5.4. ]
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Lemma 5.6. It holds that lim,yo s 'ay(s)* = (C1T(1/2))?, where Cy was defined
in (2.13).

Proof. We start by proving the estimate

. 1 (d
(=g =70+ Ll = (5l

5 < es?? (5.27)

holding for some constant ¢ < oo and all s small enough: Rearranging (5.9) and
subtracting = (3) L[a,]? on both sides shows that, on [h*, 00),

(=)= (= L)) = 5 (5 ) Pl

= (1= )L - S + £(Lld) - (5 ) Ll (529

After taking norms, using again that s ~ (1 —e™®) as s | 0, this implies that

= e~ o= 2 - 5 (5 2l

- = 5.29
AL (5.29)
for some constant ¢ and s small enough. By Lemmas 5.4 and 5.5, ||L[vs]]|
175l < lles]| + [|8s]] < es'/2. Further, by Lemma 5.3-5.5 and (5.25), || f(L[vs])]|
leL[ys]2|l < cllas|)® + ¢l Bs|* < es. Hence, to show (5.27), it remains to bound t
last summand in (5.29) by ¢s*2. By the definition (5.10) of f,

< esl|Lllll + sl (LIl + Hf(L[%]) () tlor

<
<
he

e~ (5 ) Pl =25 (3 Ll Ll (g)mmgcwm’“ (5.0

for some ¢ € (0,00). Hence, after taking the norm,

1

|z - 5 (5) 2lo?| < ziodzisdl + LR+ bl 631

k=3

for some constant ¢ > 0. By the Cauchy-Schwarz inequality, Proposition 3.2 and
Lemmas 5.4, 5.5,

| L{ews] LIBs)1* = (Llew] L[Bs], Llew] L[]} = (Llew]?, L[B]?)
<L PHILIBP < ellas P18 < es™?, (5.32)
IZBI < ell Bl < es?,
and for 3 < k < d, by the same arguments,
LDl < ellsll® < elllas] + 11B:ID* < 2 (flag)l* + 1B,]IF) < es*2. (5.33)
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This proves that the third summand on the right-hand side of (5.29) is bounded
by ¢s%/? and thus completes the proof of (5.27).

We can now show the lemma. From (5.27), using limgos (1 —e™®) = 1, it
easily follows that

lim G('ys — L[y]) + %(Z) L[O‘S]Z) = oo in L2(v). (5.34)

510 s

Since x = 0 on (—o0, h) and L[a,] = a5 = a1(s)x, this implies that

(1,x) = <lsiﬂg1 (%(% — L)) + % (Z) §>X>
i ((Goe- o)+ 5 () 20) 6

d—1 ai(s)?
= li
5 00 im ===
where in the last equality we used (v, — L[v,],x) = 0, by (5.15). The claim of the
lemma then follows. O

We now have all ingredients to give the proof of Proposition 5.2, directly followed
by the proof of Theorem 2.3.

Proof of Proposition 5.2. By the Lemmas 5.5 and 5.6,
. Vs . ay(s)x
lim = lim ( )
sl0 /s ;w NG NG
By the stochastic domination (3.4), the function a — ~,(a) is increasing for any

s > 0, and by Proposition 3.1, the limit function C1I'(1/2)x is continuous on
[h*, 00). This implies that the convergence in (5.36) is pointwise as well. O

Proof of Theorem 2.3. Claim (2.11) follows directly from Propositions 5.1 and 5.2.
To prove (2.12), let L, be the Laplace transform of |C""| under P,,

Lo(s) = E,Je 1], aeR,s>0. (5.37)

Using the same arguments as in the proof of the recursion property (5.5), it follows
that

CiI(1/2)x  in L*(v). (5.36)

La(s)= e *(By[Lapy ()™, fors>0,a> 0" (5.38)
which together with (5.5) yields
Lo(s) = e¥/Ly(s) 41/ for s > 0,a > h". (5.39)
Using Proposition 5.2, this implies that, as s | 0,
Lals) = (1= 5+ 0(9)) (1 - X (1/2)x ()5 + 0(31/2))(”’“)/ ’
o (5.40)
=1 — ——CI(1/2)x(a)sY? + o(s'/?).

d
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Claim (2.12) then follows by another application of Proposition 5.1. O

6. BEHAVIOUR OF THE CONNECTIVITY FOR NEAR-CRITICAL LEVEL SET
PERCOLATION

In this section we prove Theorem 2.6 which describes the asymptotic behaviour
of the percolation probabilities n(h, a) and n*(h, a) for fixed a € R as h approaches
h* from below.

The proof is based on a careful analysis of the functional equation for n™ that
was proved in [AC20] and that we recall in the next proposition.

Proposition 6.1 ([AC20] Theorem 4.1). For every h € R, the forward percolation
probability n,” == n*(h,-) solves the functional equation

f(@) = lpeo(@) (1= (1= a7 Lilf)"), acR. (6.1)
In addition, the only two solutions of (6.1) in the set
Sp={fel*v):0<f<1land f=0on(—o0,h)} (6.2)

are the constant function f =0 and n; . For h > h* these two solutions coincide
and for h < h* they are distinct.

The last claim of this proposition together with the continuity of the percolation
functions (cf. Corollary 2.2) implies that the solution set to (6.1) has a bifurcation
at the critical point h*. Therefore, in order to describe the behaviour of 1} as
h 1 h,, we will analyse the solution set around this bifurcation.

Our main tool will be the theorem on transcritical bifurcations on general Ba-
nach spaces, stated as Proposition 6.2 below. To introduce this theorem we need
more notation. For Banach spaces XY, let B(X,Y") be the space of bounded lin-
ear operators from X to Y. For a function F': X — Y, weuse DF : X — B(X,Y)
to denote its Fréchet derivative and DF(z) : X — Y its Fréchet derivative evalu-
ated at point z € X. If T" is an open interval in R and G : T'x X — Y, then we
use D,G(t,z): X — Y and D,G(t,z) € Y to denote the partial Fréchet derivative
in the z and ¢ direction, evaluated at point (¢, z). Similarly, D,,G or DG denote
the respective second partial Fréchet derivatives. Finally, we use N(F') and R(F)
to denote the kernel and the range of a linear functional F'.

Proposition 6.2 ([CR71|, Theorems 1.7 and 1.18). Let X, Y be Banach spaces,
V' a neighbourhood of 0 in X, I = (to — 1,19 + 1) for some ty € R. Assume that a
(non-linear) functional F: I XV —'Y satisfies:

(a) F(t,0) =0 fortel,

(b) The partial derivatives DiF', D, F and Dy F exist and are continuous,

(¢c) N(D,F(ty,0)) =span{zo} for a xy € X, and codim R(D,F(ty,0)) =1,

(d) Dy F(ty,0)(z0) € R(D,F(to,0)), where xq is given in (c).
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Then for any complement Z of xy in X (i.e., for any subspace Z of X with Z &
span{zo} = X ) there is a neighbourhood U of (ty,0) in R x X, an interval (—a, a),
and continuous functions ¢ : (—a,a) — I, ¥ : (—a,a) — Z such that p(0) = to,
¥(0) =0 and

FH0)NU = {(p(a),azy + arp(a)) : |a| < a} U{(t,0): (t,0) € U}. (6.3)

If, in addition to (a)—(d), Dy F is continuous, then the functions ¢ and v have a
continuous deriative with respect to o and

%DxxF(t(b 0) (o, 20) + Do F(to,0)(¢'(0)) + ¢'(0) Dy F(to, 0) (20) = 0. (6.4)

One of the main difficulties in applying this proposition to our situation is to
choose suitable spaces X and Y where its conditions can be verified. We start by
shifting the functions 1" so that they have a common zero set. To this end, let 6,
be the usual shift operator acting on f: R — R by 0,f(z) = f(z + a), and define
M = Oum;t. Note that, for h < h*, fp(a) > 0 iff a € [0,00). For h € R, let H), be
an operator defined by

Hulf] = d0,Ln[0," f]. (6.5)

Using the definition (3.6) of Ly, after an easy computation, this operator can be
written more explicitly:

I f@)py (z— 4 + <1 h) dz, when a > 0, (6.6)
0 .

, otherwise,

Hy[f](a) = {

where py denotes the centred Gaussian density with variance o%. This notation

allows to rewrite equation (6.1) in terms of 7, as

0= —7in(@) + Losoy(@) (1= (1= Hiliil(@)"),  a€R (67)

Finally, let v* be a Gaussian measure obtained from the Gaussian measure v
(see above (3.6)) by shifting it by h*, that is the corresponding densities satisfy
Prx = eh* Puv-

In view of (6.7), to prove Theorem 2.6, we will show that Proposition 6.2 is
applicable to

F(h, f) = =f + Loy (1= (1= Hilf])"). (6.8)

viewed as a map from I x L?(v*) to L?(v*), with I = (h* —1,h* +1). Showing the
applicability of Proposition 6.2 is divided into multiple steps. First, we prove that
F is indeed a map from I x L?(v*) to L?*(v*). Then we compute the necessary
partial Fréchet derivatives, and finally we verify the remaining assumptions of the
proposition. Before starting with this programme, we state a simple estimate that
will later be useful several times.
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Lemma 6.3. Let p be any centred Gaussian density. Then there exist constants
r,c € (0,00) such that for all x € R and |s| € (—1,1) \ {0},

‘p(l‘ +5) — p(z)

s < cple+7)+plz —r)). (6.9)

Proof. By Taylor’s theorem, p(z + s) = p(z) + p'()s + 39" (&,s)s?, for some &,
between = and x + s. Therefore, for |s| € (0, 1),

'“$+@‘”W)suﬂ@+ww@m» (6.10)

s
Since p'(z) = Pi(x)p(z) and p"(z) = Py(x)p(z) for some polynomials Py, Ps, it
follows easily that there is g < oo such that |p'(z)|+]p" (€xs)| < (p(24+2)+p(2—2))
for all © ¢ [—x¢, 20| and s € [—1,1]. Finally, since p > 0 on R, we can made the
last inequality valid on whole R by multiplying the right-hand side by a sufficiently
large constant c. U

We now show that F' maps I x L?(v*) to L?(v*). To this end it is enough to
prove that for f € L*(v*) and h € R, Hy[f] € L*(v*). The following lemma
shows a little bit more, as it will be needed in the later proofs, and also proves the
continuity of h — Hj,.

Lemma 6.4.  (a) If h,s € R and f € L*(v*), then
1. H ) < sl F ey (6.11)

In particular, 0,Hy[f] € L*(v*).
(b) The function h s Hy, from I to B(L?(v*), L*(v*)) is (strongly) continuous.

Proof. (a) For f € L?(v*), let g =0, f € L*(v). Then, for a > 0, by (6.6),

i@ = [ fapr (o= 5+ ) do

= [T oo (o - ALY g, G2

= G[* ](a +dh* — (d —1)h),

where we defined G[g =[7g we 9(x)py (z — %) dz. Note that G is strongly related
to Ly~ (see (3.6)) Wthh suggests that we eventually should apply Proposition 3.2.
We therefore write

O5Huf]|| e (Glgl(a+ s+ dh* — (d—1)h))**p,(a+ h*) da
L R

- /R (Glal(@)*pu(a—s— (d—1)h* + (d— k) da  (6.13)

B 2apy(a—s— (d—1)(h* = h))
- /R (G[g](a)) pu(a) pv(a)da.
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Holder’s inequality with p = 5/4 and ¢ = 5 then yields

po(-—s—(d—1)(h" — h)) ‘
pu ()

The function inside the second norm on the right-hand side grows at most expo-
nentially at infinity and thus its L5(v ) -norm is finite, we denote it Cj, . The first
norm satisfies ||G[g](|%4 e S I1G[g]]1%4 L 410) since 5d/2 < d* + 1 for every d > 2.
Moreover, since G[f](a) = Ey [1[h* o) (Y + )f(Y + %], the hypercontractivity
(3.10) implies that ||G]g]||* ray < d 19173, which is finite because g € L*(v).
This together implies (6.11) Wlth with Cp, s = (dCh )/ @),

(b) Let h,h' € I be such that |h — h'| < 1, and let f € L2(v*) and g = 0,.! f.
Then, analogously to (6.12), using then Lemma 6.3,

| Hu[f)(a) — Hy[f](a)]

Jo.,17 e

by < NGl o (619

0 a+dh* — (d—1)h a+dh* — (d— 1)K
< — — _
_/* 9()] py(fﬂ y ) py(:z: y ) da
< c|lh —h| Z/ ]py x—a+dh _d(d_1>h+ur>d:c
u==%1
<clh =N Gllgll(a+dh* = (d - 1)h+ urd).
u==%1

(6.15)

Therefore, using exactly the same arguments as in the proof of (a) and the triangle
inequality,

HHh[f] - Hh’[f]Hde(l,*) < C|h - h/|||f||L2(V*)7 (616)

which proves the stated continuity. U

We can now compute the first partial Fréchet derivatives of the function F
defined in (6.8).

Lemma 6.5. The partial derivative Dy F' at point (h, f) is given by

DyF(h, f)(9) = =g + Lpe0)d(1 — Hu[ /)" Hy[g). (6.17)

In particular, D;F(h, f) is a bounded linear operator on L*(v*) and it depends
continuously on h € I and f € L*(v*).

Proof. We recall that for every k < d the Fréchet derivative of the power function
[ f* viewed as a map from L*(v*) to L*¥*(v*) is a continuous function of f
and is given by

Dy(f)(g) = kf* g, (6.18)
(see, e.g., |Zei95, Chap. 4.3|), and that the Fréchet derivatives satisfy the chain
rule (e.g., Corollary to Theorem 4.D in [Zei95]). Therefore, using also that Hy[f] €
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L*(v*) by Lemma 6.4(a),

Dy((1 = Hplf1)")(9) = —d(1 — Hy[f])*"" DsHyu[f](g)
= —d(1— Hy[f]))" " Hylg],

where in the last step we used the fact that Hj is a linear operator and thus
D¢Hp[f](9) = Hplg]. Recalling the definition (6.8) of F, formula (6.17) directly
follows. The fact that D;F(h, f) is a bounded linear operator on L?*(v*) then
follows by Lemma 6.4(a) and Holder’s inequality.

To prove the continuity of D¢F(h, f),let h,h' € I and f, f', g € L*(v*). Ignoring
the non-essential prefactor dljy .y, D¢ F'(h, f)(g) — DfF (I, f')(g), can be written
as

(1 — Hu[f)* " Hulg] = (1 — Hu[f)* " Hy[g]

= (1= Ha[/D"" = (L= Hu[f))" ) Halg] + (1 — Hu[f)* " (Hulg) — Hilg])-
(6.20)

(6.19)

By Hoélder’s inequality and (6.16), the L?(v*)-norm of the second summand is
bounded by C(1+ || f'||r20))* 9|l 2 |h—1'|. The first summand can be rewrit-
ten using the formula a* — b* = (a — b) 321~} a’b*'~%, and the so arising term
Hy(f] — Hiu[f] can be expanded as (H[f] ~ Hy[f)) + (Hiolf] — Hi[f'). There-
fore, using the linearity of Hj,, Lemma 6.4(a,b), and Holder’s inequality again, the
L*(v*)-norm of the first summand is bounded by

Cligl[lh =B+ 1A+ 12D+ 1F = LI+ 1+ 17077, (6.21)

where all norms are in L?(v*). The continuity of (f,h) — Ds(f,h) then directly
follows from these estimates. U

Lemma 6.6. The partial derivative D, F at point (h, f) is given by
d—
DpF(h, f) = 1jo00)d(1 — Hy[f]) YH (6.22)

where, for h € I and f € L*(v*), H;[f] : R — L**(v*) is given by

i) == [t (= G+ Sh) de (6.23)

with ply being the derivative of py. In particular, Dy F(h, f) € L*(v*) and it is a
continuous function of h € I and f € L*(v*).

Proof. We start by showing that for any f € L?(v*) the h-derivative of Hy[f] is
given by Dy, Hy,[f] = H}[f] € L*(v*). To see this we have to check that

lim E(HHS [f] = Hulf]) = Hy[f]  in L*(v%). (6.24)

s—0 S
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We first show the pointwise convergence. By (6.6), for fixed a € R, it holds

E(Hms[f](a) — Hy[f)(a))

/ flz (py x—%+d%(h+s)>—py<x—g+d%d1h>)dx
f

:v——+d7h>dx.

(6.25)

Obviously, lim,_,o ®s(x — § + dTh) = d Lol (v — 2 e+ —h) and, by Lemma 6.3,
g 0] < clpvly 1) prly =) = 80 ). Since f € L2(v) C L\(v"),
it holds that fp,- € Ll( x). Moreover, since the variance of v* is larger than the
variance of Y, that is o7 > of., the ratio py (y+c¢)/p,-(y) is bounded for any ¢ € R.
As consequence, f(-)® ( ¢4 9=1h) € L'([0,00),dz), and thus, by the dominated

convergence theorem,

liml(HthS[f](a) — Hy[f](a)) = /000 f(z) lim & (:U - g + %h) dz

s—0 8 S—00

: (6.26)
= [ s (o= G ) de = Hilf1(0)

which establishes the pointwise convergence in (6.24).
To show the convergence in L?*¢(v*) we observe, by Lemma 6.3 again, that the
function

f)) = [ 1@I8(x =G+ ) de = e(H{flla+ 1) + Hilfl(a =)
(6.27)
dominates |L(H(h + s, f) — H(h,s))| for all small |s|. Moreover, by Lemma 6.4,
O+ Hy[f] € L**(v*) and thus also Hy[f] € L*(v*). The L?*(v*) convergence in
(6.24) thus follows by another application of the dominated convergence theorem.
Claim (6.22) then follows from (6.24) and the definition (6.8) of F' by the chain
rule:

F(h, f) = =Da (1o (1= Half))") = Toood(1 = Hlf)" " HiLf],  (6.28)

as required.

Finally, we show that (h, f) — Dy F(h, f) is continuous. We first observe that by
similar arguments as in the proof of Lemma 6.4, one can show that Hj[f] satisfies
analogous estimates as Hj[f], namely, for b,/ € R and f € L?*(v*),

IHA I L2y < Cullfllz2r),

(6.29)
IHLf) = Hy [ £l 2aey < el =R fll L2
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Then, again similarly to the proof of the continuity of DF(h, f), ignoring the
non-essential prefactor dly o), DpF (R, f) — DpF (B, f') can be written as

(1= Hy[f )" HALf] = (L= Hu[f])* Hy [

= (1= H[f)"™ = = Ho[f D) HLL + (= Ho[f D (HAL = Hy[f1])-
(6.30)

From this the continuity of Dy F'(h, f) follows by the same arguments as before,
replacing some of the estimates on Hy[f] by analogous estimates (6.29) when
needed. U

Lemma 6.7. The relevant second partial Fréchet derivatives of F' are continuous
and given by

foF(h, g1, 92) = _1[O,oo)d(d - 1)(1 - Hh[f])dith[gl]Hh[gz]- (6.31)

and
DugF(h, £)(9) = = Liooyd(d — 1) (1 — Hy[f])" " Hylg) Hj [f)

o (6.32)
+ Lpeoyd(1 — Hi[f])" Hjlg)-

Proof. For fixed h € R, D¢F(h,-) can be written as a composition of functions
D;F(h,-) = FyoFy with Fy : L>(v*) — LD (%), Fy(f) = 1jg.00)d(1—Hy[f])4}
and Fy : L2Y/@=D (%) — B(L*(v*), L*(v")), F>(1)(9) = —g + 1 - Hp[g]. By (6.18),
Fy is C' with DF(f)(9) = —1lpeed(d — 1)(1 — Hy[f])*2Hylg). Further, via
calculating the term Fy(l + u) — Fy(l), one gets DFy(l)(u)(g) = w - Hylg]. Using
the chain rule gives D¢ F(h, f) as stated in (6.31).

To compute Dy F(h, f), we fix h € R and write D, F'(h, -) as a multiplication of
functions D, F(h,-) = Fi(-)H;[-], where F is as described above. Noting that due
to linearity, Dy H,; [f](g) = H'[g], and using the product rule for Fréchet derivatives
(see, e.g., Standard Example 3 to Theorem 4.D in [Zei95]) gives (6.32).

To see the continuity of Dy F(h, f), let h,h' € I and f, f’,g € L*(v*). The dif-
ference Dy F'(h, f)(g1,92) — DysF (R, f')(91, 92) can be written as (again ignoring
the prefactor dljy )

(1—Hh[f])d72Hh[91]Hh[92] — (1 - Hy [f/])dszh’ [91] Hp [g2]
= ((1 - Hh[f])d_2 - (1 - Hh/[f/])d_l)Hh[gl]Hh[QZ]

50— ) (il — Hulg) (Halge) + Hulge)) (659
(U= HylP)Y* 2 (Hufon] + Holor]) (Filos] — Hclgo])

Using the Holder’s inequality for three functions on every summand together with
similar arguments as in the proofs of the Lemmas 6.5 and 6.6, then implies the
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continuity of (f,h) — DsrF(f, h). Similarly, for Dy, F(h, f), the analogous de-
composition of Dy, F'(h, f) — D, F'(R', f') together with previous arguments gives
the continuity. U

It is left to check that properties (c¢) and (d) of Proposition 6.2 are satisfied.
Lemma 6.8. Let x* = 0y, xp be a shift of xp«. It holds that
N(DsF(h*,0)) = R(D;F(h*,0))" = span{x*}, (6.34)
where L stands for the orthogonal complement in L*(v*). In particular,
dim N(DyF(h*,0)) = codim R(D;F(h*,0)) = 1. (6.35)
Proof. By Lemma 6.5 and (6.5) it holds
DyF(h*,0)(9) = =g + Ljo,00)dHp+[g] = —g + 0= Ln[0' g]- (6.36)

Therefore g € N(D;F(h*,0)) if and only if ;g is an eigenfunction of Ly cor-
responding to eigenvalue 1. By Proposition 3.1, x is the only such eigenfunction,
and thus

N(D¢F(h*,0)) = span{fp-xs~} = span{x*} (6.37)

and its dimension is equal to one.
The property that I € R(DyF(h*,0))* is equivalent to (I, DyF(h*,0)(g)), . =

0 for all ¢ € L%*(v*). However, since by Proposition 3.1 Lj, is self-adjoint on
L*(v), (6.36) implies that D;F(h*,0) is self—adjoint on L2( *). Therefore, this is
equivalent to 0 = (I, DsF(h*,0)(g)),. = (DsF(h*,0)(1),g),. for all g € L*(v*).
However, this is true iff [ € N(DfF(h* 0)) = span{x } O

Lemma 6.9. It holds
DnyF(h*,0)(X7) & R(DsF(h*,0)). (6.38)

Proof. By Lemma 6.8, g € R(D;F(h*,0)) iff g orthogonal to span{x*}. We thus

only need to show that (x*, DnsF'(h*,0)(x*)),. # 0.

Recall that o3 = %2 and thus pl (z) = depy(x). By Lemma 6.7, for

a,s € R, using that Hy:[0] = 0 and the definition (6.23) of H},
Dy F(h7,0)(x") (@) = 1pp,00)(a)dH}[x7] (@)

> d—1
= 10,00 (@ d—l/ X () ps r— 248 ) de
peo@)d=1) | X @bz = G+ =)

B dld—1) [~ | a d—1, d—1 .
- _1[0700)((1) d—l—l /0 X (ZE)( _C_i—i_Th )pY(ﬂf—E—FTh )dZB
(6.39)
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Writing z — ¢ + ©Lh* = o + h* — L(a + h*), and observing that (- + h*) = 6.1d
with Id belng the 1dent1ty map on R, this can be written as

— 1jpoo)(a) 3; i ((a+ W) Hi[x')(@) = dHye[x*01d](0)) o
= Lo (@) 5 (G0000-10)(@) — A [ 0T (0)).

where in the last equality we used that x* is an eigenfunction of Hy« with eigenvalue
d~', by (6.5). Therefore, using x* = 1 o)x* and the self-adjointness of Hj- on
L*(v?),

(x*, thF( )(X*)>
1

d—1,1, , ¥

ﬁ(c—i@( CO1d), . — d{Hne[x'], X 9h*1d>y*) (6.41)

d—1/1

T(C_Z<X* X Gh*Id> — <X X*Hh*1d> >

;<d+>><x,xld>y#0,

where in the last step we first applied 8}}1 and then used the fact that y(a) > 0 iff
a € [h*,00), and thus (y, xId), > 0. O

We can now prove Theorem 2.6.

Proof of Theorem 2.6. As already explained, we apply Proposition 6.2 to the func-
tion F' defined in (6.8), with X =Y = L?(v*), h and f playing the role of ¢ and
x, respectively, and with A* corresponding to 3. By Lemmas 6.5-6.9, the re-
quirements (a)-(d) of this proposition are satisfied with o = x*, and Dy F' is
continuous. Taking for Z = (x*)* for sake of concreteness, there is thus a neigh-
bourhood U C R x L%*(v*) of (h*,0) such that all non-trivial (that is non-zero)
solutions of F'(h, f) = 0 in U can be written as {(¢(«), ax* + ap()) : |a| < a}
for some a > 0 and C! functions ¢ : (—a,a) = R, ¢ : (—a,a) = (x*)* C L*(v*)
with ¢(0) = h*, ¥(0) = 0. Further, by (6.4),

%foF(h*, 0)(X" x*) + D F(R", 0)(¥'(0)) + ¢'(0) Dug F (7, 0)(x") = 0. (6.42)

Since, p(a) = h* + a¢'(0) + o(a) as a — 0, and thus p~*(h) = % +o(h —h*)
as h — h*, the non-trivial solution ax* + a1(a) can be expanded as a function of
h, in a neighbourhood of h*,

e ' (h)X* + o (h)Y(e~ (h) =

where the reminder function r;, satisfies limy,_, -

h — h*
¢'(0)
T;:HLQ(V*) = 0

(X" +73), (6.43)
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Recall now from (6.7), (6.8) that F(h, f) = 0 is the equation for the shifted
forward percolation probability 7,. Shifting everything back by 9;1, using the fact
that by the continuity of the percolation probabilities (Corollary 2.2), the solution
obtained from the bifurcation analysis must agree with n*(h,a), we obtain from
(6.43) that

h — h* h — h*
t(h,) = ——07 (v ) = — Ope_ny — O_pry). 6.44
n(h,-) 2(0) " X"+ 1) 2(0) (X + (Op—nx — x) + hrh) ( )
We first show that
= (Oh_px — X) +0_pri — 0 as h — h* in L*~(v). (6.45)

For the first summand 6j_j-x — x, this follows easily from the continuity of y
(Proposition 3.1), growth estimates on x (Proposition 3.3) and the dominated
convergence theorem. For the second summand, it holds that

1641315, = [ Irida = BEp () da

nga+h>
= [lr@p 22, @ da (6.46)
*||2—e pl’<a+h)
< Wil ||y ey

where we applied Holder’s inequality on the last line. The first factor on the right-
hand side converges to 0 as h — h*, and the second factor remains bounded, which
completes the proof of (6.45).

We proceed by computing ¢'(0). To this end we project (6.42) to the x* direc-
tion by applying (x*,-),~ on both sides. Note that, by Lemma 6.8, the range of
D¢F(h*,0) is orthogonal to x*, and thus (x*, DfF(h* 0)(¢'(0))),« = 0. Hence,

XD F(R 0) (X X))o
2(x*, Dns F(h*, 0)( )>u

The scalar product in the denominator was computed in (6.41). For the numerator,
by Lemma 6.7,

¥'(0) = (6.47)

DyrF(h7,0)(x" x") = —d(d = ) Hy [ THwe [X] = =———(x")", (6.48)
and therefore,
X" Dy (R, 0) (X X ))oe = —T<X (X)) = — Z —— 06, (6.49)
As consequence,
oy 1d+1 <x,x2>u

Claim (2.15) of the theorem then follows dlrectly from (6.44), (6.45) and (6.50).
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To obtain the asymptotics (2.16) of 1, note that for any a > h*, using similar
arguments in the proof of the recursion property (5.5),

n(h,a) = Pu[IC)| = oo] =1 = P,[|C}| < 0]
=1 (By[1=n"(n =+ v)] )dH (6.51)
— (d+1)Ey [n+ (h, % + Y)] (14 0(1))

as h 1 h*. The same argument applied to n™ implies

7 (h,a) = dBy [n+ <h, 4 Y)] (14 o(1)) (6.52)
d
and thus, for every a € R,
. n(h,a) d+1
1 _ 6.53
e T (0:59)
which together with (2.15) shows (2.16) and completes the proof. O
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