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ABSTRACT. We study the Metropolis dynamics of the simplest mean-field spin glass
model, the Random Energy Model. We show that this dynamics exhibits aging by show-
ing that the properly rescaled time change process between the Metropolis dynamics and
a suitably chosen ‘fast’ Markov chain converges in distribution to a stable subordinator.
The rescaling might depend on the realization of the environment, but we show that its
exponential growth rate is deterministic.

1. INTRODUCTION

This paper studies the out-of-equilibrium behavior of the Metropolis dynamics on the
Random Energy Model (REM). Our main goal is to answer one of the remaining important
open questions in the field, namely whether this dynamics exhibits aging, and, if yes,
whether its aging behavior admits the usual description in terms of stable Lévy processes.

Aging is one of the main features appearing in the long-time behavior of complex disor-
dered systems (see e.g. [BCKMOT] for a review). It was for the first time observed experi-
mentally in the anomalous relaxation patterns of the residual magnetization of spin glasses
(e.g. [LSNBS83| [Cha84]). One of the most influential steps in the theoretical modeling of the
aging phenomenon is the introduction of the so-called trap models by Bouchaud [Bou92]
and Bouchaud and Dean [BD95]. These models, while being sufficiently simple to allow
analytical treatment, reproduce the characteristic power law decay seen experimentally.

Since then a considerable effort has been made in putting the predictions obtained from
the trap models to a solid basis, that is to derive these predictions from an underlying
spin-glass dynamics. The first attempt in this direction was made in [BBG02, BBG03a,
BBGO3b] where it was shown that, for a very particular Glauber-type dynamics, at time
scales very close to the equilibration, a well chosen two-point correlation function converges
to that given by Bouchaud’s trap model.

With the paper [BCOSJ, where the same type of dynamics was studied in a more general
framework and on a broader range of time scales, it emerged that aging establishes itself
by the fact that scaling limits of certain additive functionals of Markov chains are stable
Lévy processes, and that the convergence of the two-point correlation functions is just a
manifestation of the classical arcsine law for stable subordinators.

The Glauber-type dynamics used in those papers, sometimes called random hopping
time (RHT) dynamics, is however rather simple and is often considered as ‘non-realistic’,
mainly because its transition rates do not take into account the energy of the target state.
Its advantage is that it can be expressed as a time change of a simple random walk on
the configuration space of the spin glass, which allows for a certain decoupling of the
randomness of the dynamics from the randomness of the Hamiltonian of the spin glass,
making its rigorous studies more tractable.
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For more realistic Glauber-type dynamics of spin glasses, like the so-called Bouchaud’s
asymmetric dynamics or the Metropolis dynamics, such decoupling is not possible. As a
consequence, these dynamics are far less understood.

Recently, some progress has been achieved in the context of the simplest mean-field
spin glass model, the REM. First, in [MM15], the Bouchaud’s asymmetric dynamics have
been considered in the regime where the asymmetry parameter tends to zero with the size
of the system. Building on the techniques started in [Moull], this papers confirms the
predictions of Bouchaud’s trap model in this regime. Second, the Metropolis dynamics
have been studied in [Gay14], for a truncated version of the REM, using the techniques
developed for the symmetric dynamics in [Gayl12, [Gay10], again confirming Bouchaud’s
predictions.

The weak asymmetry assumption of [MMI15] and the truncation of [Gayl4] have both
the same purpose. They aim at overcoming some specific features of the asymmetry and
recovering certain features of symmetric dynamics. Our aim in this work is to get rid of
this simplifications and treat the non-modified REM with the usual Metropolis dynamics.

Let us also mention that Bouchaud’s asymmetric dynamics (and implicitly the Metrop-
olis one) is rather well understood in the context of trap models on Z<, see [BCH, Cerlll,
GSlB], where it is possible to exploit the connections to the random conductance model
with unbounded conductances, [BD10]. Finally, the Metropolis dynamics on the complete
graph was considered in [Gay12].

Before stating our main result, let us briefly recall the general scheme for proving aging
in terms of convergence to stable Lévy processes. The actual spin glass dynamics, X =
(Xt)i>0, which is reversible with respect to the Gibbs measure of the Hamiltonian, is
compared to another Markov chain Y = (Y});>0 on the same space, which is an ‘accelerated’
version of X and whose stationary measure is uniform. The process Y is typically easier
to be understood, e.g. it is a simple random walk for the RHT dynamics, and the original
process X can be written as its time change,

X(t)=Y(S7'()), (1.1)

for the right continuous inverse S~! of a certain additive functional S of the Markov chain
Y, called the ‘clock process’. The aim is then to show convergence of the properly rescaled
clock process S to an increasing stable Lévy process, that is to a stable subordinator.

We now state our main result. We consider the unmodified REM, as introduced in
[Der80, Der81]. The state space of this model is the N-dimensional hypercube Hy =
{—1,1}*¥ and its Hamiltonian is a collection (FE,),em, of i.i.d. standard Gaussian random
variables defined on some probability space (€2, F,P). The non-normalized Gibbs measure
7, = ePVNEs gt inverse temperature 5 > 0 gives the equilibrium distribution of the system.

The Metropolis dynamics on the REM is the continuous-time Markov chain X = (X});>0
on Hpy with transition rates

Tay = <1 A g) Loy, x,y € Hy. (1.2)

Here, x ~ y means that x and y are neighbors on Hy, that is they differ in exactly one
coordinate.

As explained above, we will compare the Metropolis chain X with another ‘fast’ Markov
chain Y = (Y}):>0 with transition rates
Te N Ty
1AT,

qgcy -

1{x~y}7 x,y € Hy. (1.3)
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It can be easily checked using the detailed balance conditions that Y is reversible and that
its equilibrium distribution is

1IAT,
Uy = , x € Hy,
T ZN N
where Zy = > oy (1 AT,). Finally, since ryy = (1V 7,) " gay, X can be written as a time

change of Y as in (1.1]) with the clock process S being given by

S(t) = /Otu V 7y, )ds. (1.4)

For the rest of the paper we only deal with the process Y and the clock process S, the actual
Metropolis dynamics X does not appear anymore after this point. For a fixed environment
T = (T4)zemy, let P] denote the law of the process Y started from its stationary distribution
v, and let D([0,T],R) be the space of R-valued cadlag functions on [0,7]. We denote by
Be = v/2log 2 the (static) critical temperature of the REM. Our main result is the following.

Theorem 1.1. Let o € (0,1) and > 0 be such that

1 Oé2ﬁ2
il 1 1.5
> < <h (1.5)
and define
gy = N (afv 27rN)_é. (1.6)

Then there are random variables Ry which depend on the environment (E,)qcm, only, such
that for every T > 0 the rescaled clock processes

SN(t) = g;,lS(tRN), t e [O,T],

converge in P-probability as N — oo, in P]-distribution on the space D([0,T],R) equipped
with the Skorohod Mi-topology, to an a-stable subordinator V,. The random variables Ry

satisfy )
. logRy o°p
J\ll_l’}noo N = 2 P-a.s. (1.7)
Let us make a few remarks on this result.

1. The result of Theorem confirms that the predictions of Bouchaud’s trap model
hold for the Metropolis dynamics on the REM, at least at the level of scaling limits of
clock processes. It also compares directly to the results obtained for the symmetric (RHT)
dynamics in [BCOS]. The scales gy and Ry are (up to sub-exponential prefactors) the
same as previously, including the condition or the range of parameters «, 3. As in
[BCOS], the right inequality in is completely natural, beyond it Y ‘feels’ the finiteness
of Hy and aging is not expected to occur. The left inequality in is technical, it
ensures that the relevant deep traps are well separated (cf. Lemma, introducing certain
simplifications in the proof. We believe that this bound might be improved to o?3?/5% > 0,
by further exploiting our method. Finally, as previously, note that is satisfied also
for § < B. for appropriate «, hence aging can occur above the critical temperature.

2. Our choice of the fast chain Y is rather unusual. In view of the previous papers
[MMT5], [BC11], it would be natural to take instead the ‘uniform chain’ ¥ with transition
rates 7, A 7,, that is without the correction 1 A 7, which appears in (1.3)). This chain is
reversible with respect to the uniform distribution on Hy. This choice has, however, some
deficiencies. On the heuristic level, Y is not an acceleration of X, since it is much slower
than X on sites with very small Gibbs measure 7, < 1. These sites, which are irrelevant
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for the statics, then ‘act as traps’ on Y, making them relevant for the dynamics, which is
undesirable. On the technical level, the trapping on sites with small Gibbs measure has
the consequence that the mixing time of Y is very large.

Our choice of the fast chain Y runs as fast as X on the sites with small Gibbs measure
and thus does not have this deficiency. Moreover, since v, = Z;,l whenever F, > 0, the
equilibrium distribution of the fast chain Y is still uniform on the relevant deep traps, so
the clock process S retains its usual importance for aging.

Remark also that in order to overcome the similar difficulties, [MM15] truncate the
Hamiltonian of the REM at 0 which effectively sets 7, > 1 for all x € H. We prefer to
retain the full REM and use the modified fast chain Y instead. Finally, [Gay14] uses the
discrete skeleton of X as the base chain, which has some interesting features but introduces
similar undesirable effects.

3. We view Theorem as an aging statement, without further considering any two-
point correlation functions. Actually, it seems hard to derive aging statements for the
usual correlation functions from our result without extending the paper considerably. Such
derivation usually requires some knowledge of the fast chain Y that goes over the M-
convergence of the clock processes. This knowledge is typically automatically obtained in
the previous approaches. The strength (or the weakness) of our method is that we do not
need to obtain such finer knowledge to show the clock process convergence.

4. A rather unusual feature of Theorem is the fact that the scaling Ry is random, it
depends on the random environment. This again a consequence of our technique. Claim
(1.7) in Theorem u however shows that at least the exponential growth of Ry is deter-
ministic. The random scale Ry is explicitly defined in (2.10)). We will see that its definition
depends on a somewhat free choice of an auxiliary parameter, but nevertheless the final
result does not depend on this parameter. Not only this property makes us conjecture that
Ry should actually satisfy a deterministic law of large numbers,

lim h(N)e #N2Ry =1, P-a.s.,
N—o0

for some function A(N) growing at most sub-exponentially.

5. The mode of convergence in Theorem is not optimal, one would rather like
to obtain the convergence in P]-distribution for P-almost every environment, which is
usually called ‘quenched’ convergence. Actually, Theorem can be strengthened slightly
to a statement which is somewhere between P-a.s. convergence and convergence in IP-
probability. Namely, the statement holds for a.e. realization of sites with ‘small’ 7., but
only in probability over sites with "large’ 7, cf. Remark [6.4]

6. Our proof of Theorem [I.1] strongly exploits the i.i.d. structure of the Hamiltonian of
the REM. At present we do not know if it is possible to combine our techniques with those
used for the RHT dynamics of the p-spin model in [BBC08, BG12].

We proceed by commenting on the proof of Theorem [I.I} concentrating mainly on its
novelties. The general strategy so far to prove such a result has been to first reduce the
problem to the clock process restricted to a set of deep traps which govern the behavior of
the original clock process. The different methods then all more or less aim at dividing the
contribution of consequently found deep traps into essentially i.i.d. blocks. For example
in [BCOS| or [BC11], this is achieved by controlling the hitting probabilities of deep traps,
proving that they are hit essentially uniformly in exponentially distributed times, and
controlling the time the chain spends at the deep traps by a sharp control of the Green
function. Similar rather precise estimates on hitting probabilities and /or Green function are
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necessary in other approaches. Using this i.i.d. structure, one can then show convergence
of the clock process by standard methods, e.g. computing the Laplace transform.

The method used in this paper is slightly inspired by the general approach taken in
[FM14] and [CW15]. There, models of trapped random walks on Z? are considered where
few information about the discrete skeleton as well as the waiting times of a continuous-time
Markov chain are available, and minimal necessary conditions for convergence of the clock
process are found. Taking up this idea, instead of analyzing in detail the behavior of the
fast chain Y, we extract the minimal amount of information needed to show convergence of
the clock process. In particular, we do not need any exact control of hitting probabilities
and Green functions of deep traps, as most previous work did.

The first step in our proof is standard, namely that the main contribution to the clock
process comes from a small set of vertices with large Gibbs measure 7., the so-called deep
traps, and that in fact the clock process of the deep traps converges to a stable subordinator.
Denote the set of deep traps by Dy (see Section 2| for details). We will show that the clock
process S can be well approximated by the ‘clock process of the deep traps’

t
Sp(t):/(l\/Tys)l{yse’DN}dS. (18)
0

Then it remains to show that in fact gy'Sp(tRy) converges to a stable subordinator.

To this end, we will in some sense invert the standard procedure described above. Instead
of approximating the clock process by an i.i.d. block structure and then use the Laplace
transform to show convergence, we will first compute a certain conditional Laplace trans-
form using some special properties of the Metropolis dynamics. Then we analyze what is
actually needed in order to show convergence of the unconditional Laplace transform.

A bit more detailed, this will be done as follows. Under condition (L.5), the deep traps
are almost surely well separated. This fact and the fact that the definition contains
the factor 7, A 7, imply that the transition rates g, of the fast chain Y do not depend on
the energies F, of the deep traps, but only on their location. Therefore, one can condition
on the location of all traps and the energies E, of the non-deep traps, which determines
the law P] of Y, and take the expectation over the energies of the deep traps. We call this
a ‘quasi-annealed’ expectation, and denote it by Ep for the moment. Let ¢;(x) denote the
local time of the fast chain Y (see Section [2 for details). As Ep is simply an expectation
over i.i.d. random variables, the quasi-annealed Laplace transform of the rescaled clock
process of the deep traps given Y can be computed. It essentially behaves like

Ep [e_’\ﬁsp(m") | Y] ~ exp{ — K%y Z EtRN(a:)a}. (1.9)

z€DN

Here, ey is a deterministic sequence tending to 0 as N — oo. The above approximation
shows that the only object related to Y we have to control is the local-time functional
EN D _zepy liry (T)

We will show that this a priori non-additive functional of Y actually behaves in an
additive way, namely that it converges to t as N — oo, under P] for P-a.e. environment 7.
For this convergence to hold it is sufficient to have some weak bounds on the mean hitting
time of deep traps as well as some control on the mixing of the chain Y together with an
appropriate choice of the scale Ry that depends on the environment.

Using standard methods we then strengthen the quasi-annealed convergence to quenched
convergence (in the sense of Theorem [1.1)).
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To conclude the introduction, let us comment on how our method might be extended.
The key argument in the computation of the quasi-annealed Laplace transform, namely
the fact that the chain Y is independent of the depth of the deep traps, seems very specific
for the Metropolis dynamics. However, by adapting the method appropriately and using
network reduction techniques, we believe that one could also treat Bouchaud’s asymmetric
dynamics and Metropolis dynamics in the regime where the left-hand side inequality of
fails, i.e. there are neighboring deep traps.

The rest of the paper is structured as follows. Detailed definitions and notations used
through the paper are introduced in Section [2| In Section [3| we analyze the mixing proper-
ties of the fast chain Y, which will be crucial at several points later. In Section |4| we give
bounds on the mean hitting time of deep traps and on the normalizing scale Ry. Using
these bounds and the results on the mixing of Y, we show concentration of the local time
functional ey > p liry(2)* in Section [5, We prove convergence of the rescaled clock
process of the deep traps in Section [6] with the above mentioned computation of the quasi-
annealed Laplace transform, using the concentration of the local time functional. Finally,
we treat the shallow traps in Section [7] by showing that their contribution to the clock
process can be neglected. In Appendix [A] we give the proof of a technical result which is
used to bound the expected hitting times in Section [4]

2. DEFINITIONS AND NOTATION

In this section we introduce some notation used through the paper and recall a few
useful facts. We use Hy to denote the N-dimensional hypercube {—1,1}" equipped with
the usual distance

1 N
d(z,y) = 52 |z — yil,
i=1

and write &y for the set of nearest-neighbor edges Ey = {{z,y} : d(z,y) =1}.
For given parameters o and [, let

a2 52
v = 32
by condition (1.5 in Theorem

Recall from the introduction that (E, : x € Hy, N > 1), is a family of i.i.d. standard
Gaussian random variables defined on some probability space (€2, F,P). Note that we do
not denote the dependence on N explicitly, but we assume that the space (2, F,P) is the

€ (1/2,1), (2.1)

same for all N. For § > 0 the non-normalized Gibbs factor 7, is given by 7, = ePVNE:
Using the standard Gaussian tail approximation,

PE, > t] = ﬁ e’tz/Z(l +0(1)) ast— oo, (2.2)

we obtain that gy, as defined in Theorem [I.1], satisfies
Plr, > ugn] = w277V (1 + o(1)).

This heuristically important computation explains the appearance of stable laws in the
distribution of sums of 7,: If we observe 2"V vertices, then finitely many of them have
their rescaled Gibbs measures 7, /gy of order unity, and, moreover, those rescaled Gibbs
measures behave like random variables in the domain of attraction of an a-stable law.
Recall also that Y = (Y});>0 stands for the fast Markov chain whose transition rates g,
are given in (1.3), and that v = (v;),en, denotes the invariant distribution of this chain,
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Uy = % For a given environment 7 = (7,).cmy, let P] and P] denote the laws of Y

started from a vertex x or from v respectively, and £, E7 the corresponding expectations.
Note that the normalization factor Zy = »_ _y (1 A 7;) satisfies, for every constant

k€ (0,1/2),
k2N < Zy <2V P-a.s for N large enough. (2.3)

Indeed, obviously Zy < 2V, and Zy > 3y 1(g,>0). But 1z, ) are i.i.d. Bernoulli
random variables, therefore the statement follows immediately by the law of large numbers.
An important role in the study of properties of Y is played by the conductances defined
by
Coy = Vallay = TIZ/\ Ty for x ~ v. (2.4)
N

Let 6, be the left shift on the space of trajectories of Y, that is
(93Y>t - }/;H»t- (25)

Let H, = inf{t > 0: Y, = x} be the hitting time of x by Y, J; the time of the first jump
of Y, and let Hf = H, 00, + J; = inf{t > J; : Y; = x} be the return time to = by Y.
Similarly define Hy4 and H for a set A C Hy. The local time ¢;(z) of Y is given by

t
gt(l‘):/ 1{Ys:m}d5-
0

Using this notation the clock process S introduced in (1.4 can be written as

S(t):/o AV )ds = 3 @)1V 7).

zeHpn

To define the set of deep traps Dy and the random scale Ry mentioned in the introduc-
tion we introduce a few additional parameters. For aw € (0,1), 8 > 0 as in Theorem
and ~ as in (2.1)), we fix 4/ and o such that

1 c
§<fy’<’y, and a’:%ﬁ. (2.6)
An explicit choice of 4/ will be made later in Section [5, We define the auxiliary scale

I = PN (! BV2N) |
and set

,DN:{.’EEHNI szgﬁv}
to be the set of deep traps. By the Gaussian tail approximation ({2.2]) it follows that the
density of Dy satisfies

Plz € Dy] = 277N (1 + 0(1)). (2.7)

We quote the following observation on the size and sparseness of Dy. The sparseness will

play a key role in our computation of the quasi-annealed Laplace transform in Section [6]
Lemma 2.1. [BCO& Lemma 3.7] For every e > 0, P-a.s. for N large enough,
IDy[20 "N € (1 —¢,14¢). (2.8)

Moreover, since v > 1/2, there exists § > 0 such that P-a.s. for N large enough, the
separation event

& = {min{d(z,y) : =,y € Dy} >IN} (2.9)
holds.
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Finally, for the sake of concreteness, let us give the explicit form of the random scale

RN)

-1
A ET[KT . (l’)a]
Ry = 207N ( E S 7 (2.10)

where T, denotes the mixing time of Y, a randomized stopping time which we will
construct in Section [3, The reason for this definition will become apparent when we prove
the concentration of the local time functional mentioned in the introduction. Although
the definition of Ry seems arbitrary by the somewhat free choice of the parameter 7/,
Theorem actually shows that asymptotically Ry will be independent of +'.

For the rest of the paper, ¢, ¢, ¢’ will always denote positive constants whose values may
change from line to line. We will use the notation g = o(1) for a function g(N) that tends
to 0 as N — oo, and g = O(f) for a function g(N) that is asymptotically at most of order
f(N), ie. limy oo |[g(N)|/f(N) < ¢, for some ¢ > 0.

3. MIXING PROPERTIES OF THE FAST CHAIN

The fact that the chain Y mixes fast, namely on a scale polynomial in N, plays a crucial
role in many of our arguments. In this section we analyze the mixing behavior of Y. We
first give a lower bound on the spectral gap Ay of Y, which we then use to construct a
strong stationary time 7Ti,;.

Proposition 3.1. There are constants k > 0, K > 0, Cy > 0, such that P-a.s. for N large
enough,

N )
4

We prove this proposition with help of the Poincaré inequality derived in [DS91]. To
state this inequality, let I' be a complete set of self-avoiding nearest-neighbor paths on Hy,
that is for each x # y € H there is exactly one path ~,, € I' connecting « and y. Let ||
be the length of the path . By Proposition 1’ of [DS91], using also the reversibility of YV
and recalling the definition of the conductances, it follows that

1 1
— < — ol b 3.1
Affw%{ ZWW%} (3.1)

C
Uv ~ay€l

Yoy D€

To minimize the right-hand side of , a special care should be taken of the edges
whose conductance ¢, = (7, A 7,)/Zn is very small, that is which are incident to vertices
with very small 7,. Those ‘bad’ edges should be avoided if possible by paths v € I'. They
cannot be avoided completely, since I' should be a complete set of paths. On the other
hand, if such edge is the first or the last edge of some path 7,,, its small conductance is
canceled by equally small v, or v,. Therefore, to apply efficiently, one should find a
set of paths I' such that all paths v € I' avoid ‘bad’ vertices, except for vertices at both
ends of the paths.

In the context of spin glass dynamics this method was used before in [FIKP9§| to find
the spectral gap of the Metropolis dynamics . Using the same approach, that is using
the same set of paths I' as in [FIKP9S§]|, we could find a lower bound on the spectral gap
of the fast chain Y of leading order exp{—cy/N log N}. This turns out to be too small for
our purposes, cf. Remark [6.4]
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In the next lemma we construct a set of paths I' that avoids more ‘bad’ vertices, which
allows to improve the lower bound on the spectral gap to be polynomial in N. This is
possible by using an embedding of Hy into its sub-graph of ‘good’ vertices, i.e. vertices
with not too small 7., which is inspired by similar embeddings in [HLN8T].

For a nearest-neighbor path v = {x, ..., x,}, we call the vertices z1,...,x,_; the inte-
rior vertices of 7, and the edges {x;,z;11}, 7 = 1,...,n — 2, the interior edges of 7.

Lemma 3.2. There is an integer K > 0 and a constant Cy > 0, such that P-a.s. for N

large enough there exists a complete set of paths I', such that the following three properties
hold.

(i) For every path v € T, every interior edge e = {u,v} satisfies
ZNCup = Tu N Ty > N7PC0,

(i1) |y| <8N for all v €T.
(iii) Every edge e € Ex is contained in at most N¥2N=1 paths v € T,

Proof. For Cy > 0, whose value will be fixed later, we say that x € Hy is good if 7, >
N—8% and it is bad otherwise. To construct the complete set of paths I' satisfying the
required properties, we will use the fact that the set of good vertices is very dense in Hy.
In particular, we will show that

P-a.s. for N large enough, every x € Hy has at least %Co\/ﬁ good neighbors, (3.2)

and
P-a.s. for N large enough, for any pair of vertices x, y at distance 2 or 3, there
is a nearest-neighbor path of length at most 7 connecting = and y, such that (3.3)
all interior vertices of this path are good,

To prove these two claims, note first that for any = € Hy, the probability of being bad
is

CoN™2 log N ,
P[r, < N°%] = P[E, < —CyN~2log N] = 1 _/ ’ o1 e~ ds.
2 0 s

For N large enough the integrand is larger than %, and it follows that

1 1
P[x is bad] < 5(1 — CyN~z log N) =: 5(1 —qn).

Hence, the number of bad neighbors of a vertex x € Hy is stochastically dominated by
a Binomial(N , %(1 — qN)) random variable B. For A > 0, the exponential Chebyshev
inequality yields

1
P[m has more than N — §Cox/ﬁ bad neighbors}
<P[B>N - %COW] = P[)P > HV-3C0VN)]

1 N
< e MN=3CoV) (1 + 51— aw)(e - 1))

. N
— ¢ AN—=1CoVN) (% (1 —gqv+e M1+ qN)))

N
< Q‘Ne%%ﬁ(eXp{—qN +e M1+ QN)}> :
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Since gy — 0 as N — oo, the last term in the parenthesis is bounded by 2e=* for N large
enough. Inserting gy and choosing A = log N, the above is bounded by

1
2N exp {EC’O\/NlogN — CyV/Nlog N + 2}

< o7 exp{ — ;lC'o\/Nlog N},

for N large enough. With a union bound over all x € Hy and using the Borel-Cantelli
lemma, follows.

To prove (3.3)), we first introduce some notation. For a given vertex = and {iy, ..., ix} C
{1,..., N}, denote by x*""% the vertex that differs from x exactly in coordinates iy, . .., .
If two vertices x and y are at distance 2, then y = z* for some k,l € {1,...,N}. Then
for {i,j} N {k,1} = 0 we define the path v of length 6 as {x, 2", x9, x'% LM = 4 4 4}
Similarly, for z,y with d(x,y) = 3, we have y = 2*'™ and for {i,j} N {k,I,m} = 0 we
define the path v of length 7 by {x, 2, 2%, 2% gV giiMm — 4ii 4 4} Observe that for
fixed z,y with d(x,y) = 2 or 3 and for different pairs 4, j the innermost 3 or 4 vertices of
the paths %?y are disjoint.

We now show that with high probability, for every x,y at distance 2 or 3, we may find
7,7 such that %’gy has only good interior vertices. Fix a pair x,y € Hy at distance 2 or 3,
and let as above k,[ or k, [, m be the coordinates in which x and y differ. Assume for the
moment that both x and y have at least %C@\/N good neighbors. Then there are at least
}IC’(%N pairs 7, j such that the vertices 2 and 3’ are good. Moreover, since it is a matter
of dealing with a constant number of exceptions, we may tacitly assume that i # j, and
{i,7}y 0 {k, 1} =0 or {i,j} N {k,l,m} =0, respectively.

The remaining interior vertices {z%, 29k z9* = i} or {g% 2¥k zUM g =y} are
all good with probability strictly larger than 1/2, so the probability that one or more
of these vertices are bad is bounded by 15/16. Since these 3 or 4 innermost vertices are
disjoint for different pairs ¢, j, by independence, the probability that among all %CSN pairs
{i,7} there is none for which all innermost 3 or 4 vertices of 7%, are good is bounded by
(15/16)%03]\7. Hence, for one fixed pair x,y € Hy at distance 2 or 3, where both x and y
have at least %Co\/ﬁ good neighbors, the probability that there is no path from x to y of
length 6 or 7 with all interior vertices good is bounded by

(15/16)39N.

There are less than 2V(N? + N3) pairs of vertices at distance 2 or 3 respectively, and we
know from the proof of (3.2)) that with probability larger than 1 — g=cVNlog N every x € Hy

has at least %C’O\/N good neighbors. It follows that the probability that the event in (3.3))
does not happen is bounded by

e~eVNIogN | oN (N2 4 N3)(15/16)1C8N, (3.4)

ijklm

Choosing Cj > 10?{’?26 and applying the Borel-Cantelli lemma implies ((3.3)).

We now use the density properties (3.2) and (3.3]) of good vertices to define a (random)
mapping from the hypercube to its sub-graph of good vertices. Let

Py = {{z0,...,x1}: k>0, dwg, 2 1) =1Vi=1,...,k}

be the set of finite nearest-neighbor paths on Hy, including paths of length zero, which
are just single vertices. Define the mapping ¢y : {Hy,En} — {Hy, Py} in the following
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way. For x € Hy, let

x, if x is good;
on(z) =< 2%, if x and 27, j <4, are bad but 2° is good;

x, if x is bad and has no good neighbor.

By , P-a.s. for N large enough the last option will not be used, and therefore ¢ maps
all vertices to good vertices. In this case, for two neighboring vertices x,y, their good
images ¢y (z) and ¢y (y) can either coincide, or be at distance 1, 2, or 3.
For an edge e = {z,y} € En, let pn(e) be
e the ‘path’ {on(x)}, if on(x) is good and oy (x) = pn(y);
e the path {pn (), on(y)}, if both ¢ (z) and pn(y) are good and at distance 1;
e the path 751\[(1:)780“@/) with ‘minimal’ 4, j such that all vertices of this path are good,
if both pn(z) and ¢y (y) are good with distance 2 or 3 and such path exists;
e the path {z,y} in any other case.

From and it follows that P-a.s. for N large enough the last option does not occur
and ¢y maps all edges to paths that contain only good vertices.

Finally, we extend ¢y to be a map that sends paths to paths. For v = {zq,...,z,} € Pn
we define ¢y () to be a concatenation of paths ¢n({z;_1,2;}), i =1,...,n, with possible
loops erased by an arbitrary fixed loop-erasure algorithm. Note that ¢y can make paths
shorter or longer, but by construction, for any path v € Py,

lon (V)] < 7]l (3.5)

We can now construct the random set of paths I' that satisfies the properties of the
lemma. We first define a certain canonical set of paths I', and then use the mapping ¢y
to construct T from T.

For any pair of vertices x # y € Hy, let 7, be the path from x to y obtained by
consequently flipping the disagreeing coordinates, starting at coordinate 1. These paths
are all of length smaller or equal to N, and the set T' = {%,, : 2 # y € Hy} has the
property that any edge e is used by at most 2~ paths in . Indeed, if e = {u,v}, then
there is a unique ¢ such that u; # v;. By construction, e € 7, if

T = (331, vy L1, Uy Uit 1,y - - - ,UN),
Yy = (U17 ey U1, Vi, Y1, - - 7yN)
It follows that a total of N — 1 coordinates of x and y are unknown, and so the number of

possible pairs z,y for paths 7,, through e is bounded by 2! (cf. [DS91, Example 2.2]).
For any pair « # y € Hy, let the path 7,, in the set I" be defined by

AN (Yay)s if z,y are good,
) {z} o dn(Fay), if x is bad and y is good,
T = ON(Fay) © {y} if z is good and y is bad,

{z} o ¢n(Fay) o {y}, if z is good and y is bad,
where ‘o’ denotes the path concatenation.

It remains to check that this set of paths I' indeed satisfies the required properties. First,
by construction, I' is complete, that is every path «,, € I' connects x with y and is nearest-
neighbor and self-avoiding. Further, by construction of ¢y and the properties and
(3-3), P-a.s. for N large enough, all interior vertices of all v € I are good, i.e. (i) is satisfied.
Moreover, by and the construction of the paths 4 € I, the paths v € " have length
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at most 7N + 2, hence (i) is satisfied for N > 2. Finally, ¢ deforms the paths 5 € T
only locally, so that the number of paths in I' passing through an edge e is bounded by
the number of paths in I' passing through the ball of radius 4 around e. But this number
is bounded by 2V~ times the number of edges in that ball, which is bounded by N¥ for
some integer K > 0. This proves (iii) and thus finishes the proof of the lemma. 0

We can now prove the spectral gap estimate.

Proof of Proposition|3.1. P-a.s. for every N large enough we can find a complete set of
paths I such that (i), (ii) and (iii) of Lemma [3.2] and (2.3)) hold. By (ii), the expression in
(3.1)) over which the maximum is taken is bounded from above by

BN 1

N Tu/NT
“ v Yoy D{uv}

(72 A1) (1y A 1). (3.6)

We distinguish three cases for the position of the edge {u,v} in a path ~,,.

(1) If {u,v} is an interior edge of 7,,, then 7, A7, is larger than N7 by (i) of Lemma[3.2]

(2) If {u,v} is at the end of the path v,,, say at v = =, and v is an interior vertex of 7,,,
then 7, A 7, is either larger than N=5% or it is equal to 7, in which case it cancels
with 7, A 1. Indeed, if 7, A 7, was smaller than N7 and equal to 7, then v would
be a bad interior vertex of 7, which contradicts (i) of Lemma [3.2]

(3) If 7, only consists of the single edge {z, y}, then 7, A 7, is either larger than 1, or the
term 7, A 7, cancels with the smaller one of 7, A1 and 7, A 1.

It follows that for every edge {u, v} the expression (3.6) is bounded from above by

SN
Zn

Since, by (iii) of Lemma [3.2 m the number of paths is bounded by N¥2N¥-1 and, by (2.3] .
Zn > k2N, this completes the proof.

—— NP4 paths through e}.

In a next step we construct the mixing time T}, of the fast chain Y. To this end, define
the mixing scale

my = %NK+3+ﬁC°. (3.7)
Then Proposition [3.1| reads Ay > 2N?m !

We assume that our probability space (€2, F,P) is rich enough so that there exist infin-
itely many independent uniformly on [0, 1] distributed random variables, independent of
anything else. A randomized stopping time T is a positive random variable such that the
event {T" < t} depends only on {Y; : s < t}, the environment, and on the values of these
additional random variables.

Proposition 3.3. P-a.s. for N large enough, there exists a randomized stopping time T
with values in {my,2my,3my, ...} such that Tyx s a strong stationary time for' Y, that
is for any (possibly random) Yy € Hy,

(Z) PYO[ mlx - y] = Vy;
(ii) for any k > 1, P} [T > kmy] = e”*1),
(71i) Tmix and Yr_.  are independent.

mix
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Proof. This construction follows closely [MM15], Proposition 3.1], with only minor adapta-
tions. Define the following distances from stationarity,

s(t) =min{s > 0: Vz,y € Hy, P/ [Yi=y| > (1 —s)v(y)},
d(t) = max [[PI[Y; €] = P][Y; € llzv,

zyeHy
where || - |7y denotes the total variation distance. Define the time
T=inf{t>0: d(t) <e'}.
From [AF02, Lemmas 4.5, 4.6 and 4.23] we know that
g(t) < e—Lt/TJ7
s(2t) < 1—(1—d(t))%,

1 1 1
<— (14 Zlog—
T_)\y(+20gy*)’

(3.8)

where v* = min, v,. Since P[r, < e V] < ce=“N, by the Borel-Cantelli lemma, P-a.s. for
N large enough, logiu% < N2. Therefore, by Proposition and (3.8), P-a.s. for N large
enough, 7 < imy, d(3my) < e, and s(my) < e”!, which means that for all Yy, y € Hy,

Py Yy =3 > (1= ¢y,

We can now define the strong stationary time T, with values in {my,2my,...}. Let

Uy, Us, ... be ii.d. uniformly on [0, 1] distributed random variables, independent of any-
thing else. Conditionally on Yy =z, Y,,, =y, let Tiix = my if
(1—e My,
U< ————— (£1).
S P =] SV

Otherwise, we define T}, inductively: for every k& € N, conditionally on Ty, > kmy,
}/"v‘mN = z and }/(’H—l)mN =Y, let Tmix - (k + 1>mN if

(1=e Ny,
U < —7" = (1)
A i
By construction, we have for every x € Hy,
(1—e Ny,
P;Tmix:mN Ym =Y = 5~ >

and thus
Pl [Twix =mn, Yy =y | Yo=2] = (1 —e "y,
Similarly, we have
Py [T = (B + 1)my, Yosrymy = U | Taix > kmy, Yy = 2] = (1 — e_l)yy.
By induction over k, we obtain that for any £ € N and y € Hy,
Py [Thix = kmy, Yimy = y| = e*(kfl)(l — eil)yy,
which finishes the proof. O

For future reference we collect here two useful statements that follow directly from the
construction of Tiix.
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Lemma 3.4. For everyt > 0 and x € Hy and every starting distribution p,
PIY; = o|Thix < t] = v,
|PI[Y; = 2] — vy| < P [Toaix > t] = e /a1,
4. BOUNDS ON MEAN HITTING TIME AND RANDOM SCALE

In this section we prove bounds on the mean hitting time E7[H,| of deep traps z € Dy.
As a corollary of the proof we will obtain a useful bound on the Green function in deep
traps. The bounds on the mean hitting times will further imply bounds on the random
scale Ry, which will imply the claim of Theorem .

Proposition 4.1. There exists § € (0,1/6), such that P-a.s. for N large enough,
NN < BTIH,) < 2V for every a € Dy.
The proof of Proposition is split in two parts.

Proof of the upper bound. For the upper bound we use [AF(02, Lemma 3.17] which states
that

1—-v
ETIH,] < =
CH) < 5
Since 7, > 1 for deep traps x € Dy, this is smaller than %’ which by Proposition and
[2.3) is bounded by 2YtN'"* P-as. for N large enough. O

For the lower bound we will use a version of Proposition 3.2 of [CTW11] which allows to
bound the inverse of the mean hitting time E7[H,| in terms of the effective conductance
from z to a suitable set B. Recall the definition of the conductances ¢, from , and
let ¢, =3, Czy- Following the terminology of [LP14, Chapter 2], we define the effective
conductance between a vertex x and a set B as

C(x — B) = PI[H} > Hglc,.

By Proposition , which is a generalization of [CTW11, Proposition 3.2] to arbitrary
continuous-time finite-state-space Markov chains,

1
EJ[H,]

To apply this bound effectively, we should find a set B such that C(x — B) is small
and v(B) close to 1. In the next lemma we construct such sets B for every « € Hy. For
these sets we have some control on the conductances connecting B and B¢. Using standard
network reduction techniques we can then give a bound on the effective conductance C(z —
B), which when plugged into will imply the lower bound on E7[H,].

Denote by B(z,r) = {y € Hy, d(z,y) < r} the ball of radius r around z, and by
0B(z,r) = {y € Hy, d(z,y) = r} the sphere of radius r.

<C(xr — B)v(B)™. (4.1)

Lemma 4.2. For every § € (0,1/6), P-a.s. for N large enough, there ezist radii (p.)zecm,
satisfying 1 < py < N¥_ such that for all x € Hy and for all y € 0B (x, p,), 7, < 22N,

Proof. Fix § € (0,1/6). We say that a sphere 0B(x,r) is good if 7, < 22V for all
y € 0B(z, 1), otherwise we say that it is bad. Using the Gaussian tail approximation (2.2)),
we get that

2
1 A71—6 _log” 2 nj1-26
P[Ty>22N } <ce 87
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The size of the sphere dB(x, ) is bounded by N, hence the probability that the sphere
0B(x,r) is bad is bounded by

N'P[r, > 2%N1_6] < cexp{rlogN — 12%22]\71 21,

By independence of the 7., the probability that for one fixed = all the spheres 0B(x, ),
r=1,...,N% are bad is bounded by

N36 1a71—6 36 1-6 N36

[Pl > 28] < (NYP[r, > 28¥'7T)

r=1

< exp{N3510gc+ N%log N — —==

Finally, by a union bound, the probability that among all 2V vertices in Hy there is one
for which all spheres dB(z,r), 7 = 1,..., N* are bad is bounded by

B N3(5 1 2
2V (NYP[r, > 227]) " <exp {N¥loge+ N¥log N + Nlog2 - 08% N

Since § < 1/6 this decays faster than exponentially, and so by the Borel-Cantelli lemma

the event occurs P-a.s. only for finitely many N, i.e. P-a.s. for N large enough we can find
for every x € Hy a radius p, < N3 such that the sphere dB(z, p,) is good. U

Proof of the lower bound of Proposition[{.1. For every x € Dy we define the set A, =
Bz, px) if the radius p, from Lemmald.2]exists, otherwise we take A, = {z}. By Lemma[l.2]
and , P-a.s. for N large enough, for all z € Dy all conductances ¢,, = (7, A7) /Zn
connectlng A, and AC are smaller than 22V ™" /(k2N).

By the parallel law (cf. [LP14l Chapter 2.3]), the effective conductance between the
boundaries of A, and A¢ is equal to the sum of all the conductances of edges connecting
A, and A¢, and so P-a.s. for N large enough,

C(0A, — 0AS) = Y ¢y < kTINPeF12NT 97N,

YyED AL
z€0AS

By Rayleigh’s monotonicity principle (cf. [LP14, Chapter 2.4]), comparing the effective
conductances from z to AS before and after setting all the conductances inside A, to
infinity, it follows that

Clz — AS) < C(8A, — DAS) < g NPet1aN! TN,

Since § < 1/6 and p, < N*, we have NP+t < 2:N'7" for N large enough, and thus,
P-a.s. for N large enough,

Clo — AS) < 2 NHN"7 (4.2)
Moreover, P-a.s. for N large enough, as v, = (1 A 7,)/Zy < 1/Zy, using (2.3)) again,
V(AC) =1-— V<A ) >1— Z5! Ay > 1— 2 NNV A2y (4.3)

Plugging (4.2)) and ( into and readjustlng 0 to accommodate for constants easily
yields the requlred lower bound E; [H,] > 2¥=N""" This completes the proof. 0

As a corollary we get a lower bound on E[(y,. (x)] for the deep traps x € Dy.
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Corollary 4.3. There are constants § € (0,1/6) and ¢ > 0, such that P-a.s. for N large
enough, for all x € Dy, under P} the local time of Y in x before leaving A,, ln,. (x),

stochastically dominates an exponential random variable with mean 2N In particular,
P-a.s. for N large enough,

B[ty ()] > 2"

Proof. The local time at = before hitting AS is an exponential random variable with mean
equal to

ET [#{visits to « before Hac}]| - E7[J1].

The expected number of visits before leaving A, is PJ[H > Hue] ™' = ¢,C(x — AS)™L.
The mean duration of one visit to x is E7[J] = (3., ¢uy) - For the deep traps we have
7, > 1, therefore Zyw Quy = Zyw Coy/Ve = Zncg. 1t follows that the local time at x

before hitting A¢ is in fact an exponential random variable with mean Z'C(x — A¢)~.
Using the bounds (4.2) and ({2.3]), the claim follows easily. O

As a next consequence we give bounds on the random scale Ry defined in (2.10). Note
that this lemma also proves the statement (1.7)) about the asymptotic behavior of Ry in
Theorem [L.1]

Lemma 4.4. For every € > 0, P-a.s. for N large enough,

o(y=e)N < Ry < o(y+e)N
Proof. By Proposition , Tmix/my is a geometric random variable with parameter e,
and thus E7[lr ()% < ET[Tni"] < em$ < eN by (3.7), for every € > 0 and N large

enough. Moreover, |Dy| < 207N by ([2.8). Using the lower bound on E7[H,] from
Proposition [4.1], we obtain that for every € > 0, P-a.s. for N large enough,

—1
Ry = 9(v=7)N ( Z Eﬂéﬁ}f?)ﬂ) > 9(y—e)N_

z€DN

For the upper bound we need a lower bound on E7[(r . (x)*]. Recall the sets A, con-
structed in the proof of Proposition and note that

By [lr,,., (2)*] > Bl [z 500 b (2)°] (4.4)

By Corollary P-a.s. for N large enough, the local time at x before hitting A¢ stochas-
tically dominates an exponential random variable with mean 2~V 1_5, hence

1-6

PzT [gHAc (.l’) < 2_2N176] <1-— 6_‘327N < 62—N1*5'

Moreover, for every € > 0, P-a.s. for NV large enough,

Pl [Tix < Hae) < PI[Yz,, € Ay = v(A,) < k7127 NNV < 27N,

xT
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Using the last two observations in (4.4)), P-a.s. for N large enough,
_ _ (6
B 101, (2)%]) 2 P} [{Tix 2 Hac} 0 {Lo (@) 2 2727} (272V'7)

m

> g2aN1? (PT (01,6 () > 27N = P [{la g () > 272V} 0 { T < HA;}D

T

> 92N~ <PT (a1, () = 27N ") = P [Toie < Ha ])

x x

Z 2720&]\/1_6 ((1 o 0/27N1_5) - 27€N)

> 2—€N.
Combining this with [Dy| > 2077V by ([@2.8) and the upper bound on E7[H,] from
Proposition [4.1], we obtain the required upper bound on Ry. U

5. CONCENTRATION OF THE LOCAL TIME FUNCTIONAL

In this section we prove the concentration of the local time functional that appears in
the computation of the quasi-annealed Laplace transform of the clock process on the deep
traps, as explained in the introduction (cf. (1.9)). We denote this functional by

Ly(t) =20"N N "l (1)
xE€DN

So far we had no restriction on the choice of 4/ other than 1/2 < ~" < =, see (2.6).

We now make an explicit choice as follows. Let g9 = 2 ((1—7) A (y—3)), and define

v =~ — &p, such that in particular
1 —~ > 2¢, (5.1)
7= =¢0

The main result of this section is the following proposition.
Proposition 5.1. For every fizred t > 0, P-a.s. for N large enough,
Py {|En(t) =t > 2780V] < co-heo,

Proof. We approximate Ly (t) by the sum of essentially independent random variables as
follows. Let K = \_2€on. For a fixed t > 0, define

tR
tk:%k, k=0,... K.

Recall the notation ([2.5)). For every z € Dy and k = 1,..., K, define Hf =t 1+ H,00,, |
to be the time of the first visit to x after t;_;, and set

(H§+N2mN)/\(tk—N2mN) @
gfx = / 1{yszz}d$ .
7 Hk/\(tk—2N2mN)

x

The random variable éﬁx gives ‘roughly’ the a-th power of the time that Y spends in x
between t,_; and t; — N?my, with some suitable truncations. Let further

Uk(t) =20 37 4,
z€DN

The next lemma, which we prove later, shows that the sum of the U¥(t)’s is a good
approximation for Ly(t).
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Lemma 5.2. For everyt > 0, P-a.s. for N large enough,

P |:LN ZUN } < 2250l

With Lemma the proof of the proposition reduces to understanding of the approx-
imating sum Y., U¥(t). We will compute its expectation and variance under P7. In
particular, we will show that there is ¢ < oo such that for every t > 0,

K
E;[Z Uﬁv(t)] - t’ <2 N Pas as N — oo, (5.3)
k=1
and
K
Var], (Z Uﬁ(t)) < 27z, P-a.s. as N — oo. (5.4)

The statement of the proposition then follows from Lemma , (5.3) and (5.4) by routine
application of the Chebyshev inequality. Indeed, P-a.s. for N large enough,

Py { ILn(t) —t| > 2é€oN}

XK: Un(t) — E} {ZK: U]’“V(t)} ' > 9. Q;EON}

k=1 k=1

< Pz [Late) # kf;v}e(t)} o

1 1 1
< 272N 4 27100 N < (TN,

which is the claim of the proposition.

We proceed by computing the expectation . We will need two lemmas which we
show later. The first lemma estimates the probability that a deep trap is visited by the
process Y.

Lemma 5.3. For every ty such that 1 < ty < 2V, for every e > 0, P-a.s. for N large
enough, for all x € Dy,

P;[Hx S tN] + O(t2 22(8 1) ) + 0(2(5—1)N) S Cth(a_l)N,

E; [H ]
The second lemma then gives the expected contribution of a single Eﬁz to Zszl Uk (t).

Lemma 5.4. For every fixedt > 0, k=1,..., K and ¢ > 0, P-a.s. for N large enough,
for all x € Dy,

tRy
KET[H,] *

With Lemmait is easy to compute the expectation (5.3). Using that |Dy| < 2=V
by (2.8]), and the definition (2.10) of Ry, for every € > 0, P-a.s. for N large enough,

E;{gvmt)} 25 S (et (o] + O -0))

z€DN k=1
=t 4 0(2(7 —7No(1= )N2(2'yf2+3e—so)N)
— £ 4 Q20 1Y,
Choosing € < g¢/3 and recalling (5.1)) implies ([5.3)).

B [t] = Bt

mix

( )a] _{_0(2(2'y+35—2£0—2)N>.
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Next, we estimate the variance ({5.4)). Since v is the stationary measure for Y, the random
variables U%(t), k = 1,..., K, are identically distributed under P7. Hence

var;<ZU,’;<t)>:Kvar;(U}v(t))+2 > Cov, (UK®),UL(1). (5.5

1<k<j<K

The covariances can be neglected easily. Indeed, since by definition U¥(t) depends on the
trajectory of Y between times t,_; and t; — N?my only, we can use the Markov property
at the later time to write

Cov], (Un (1), UL (1)) = EJ[(U§(t) — EJUR (1) ETIUL(t) — EJURL(6)[Yy—n2my]] . (5.6)

By Lemma , |PT[Ytk = Y|V, N2y — yy‘ < e °N*. Using in addition that Ul < e“N
for some sufficiently large ¢/, we see that the inner expectation satisfies

|E[U3:(t) — EJUL (1) Vi nmy ]| < e”N/2,

Inserting this inequality back to (5.6) and summing over k < j then implies that the second
term in (5.5) is O(e~*N*) and thus can be neglected when proving (5.4).

To control the variance of Uy (¢) in (5.5)), it is enough to bound its second moment, which
1s

E7 [0 (12 =22”"”N(Z AR EZVW)‘

z€DN z#y€DN

Since, by definition, ¢} , < N*my and £;,, # 0 implies H, < tRy/K,

! tR tR
B [UN(1)?] < 2°0 —”NN““m?v“< 2B [Hx < YN] DD [Hx,Hy < —KND.

z€DN z#YyEDN
(5.7)
By Lemma [5.3] and Lemma [4.4] for every € > 0, P-a.s. as N — o0,
PT [Hm < m%} < O 1FE—e)N, (5.8)

Moreover, by [2.8), |Dxn| < 2077 and by (B.7), N*m3* < 22N, for every € > 0 and
N large enough. It follows that the contribution of the first sum in (5.7]) to the variance,
including the prefactor K = 2% from (5.5)), can be bounded by

22 =NFI=Y +7=14+2e)N _ (v —y+2e)N
By (5.2), v/ —v+2e < —eo+2e < —1gg for € < £9/4, and hence this contribution is smaller
than 2725V as required for (5.4).
For the second summation in ([5.7) we write

- tRN - tRN T tRN
Py [ch,Hy < 7] < P; [Hx <H, < 7] + P [Hy < H, < 7}
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By the Markov property, each of these two probabilities can be bounded by

tRy
tR e tR

P [Hx <H,< —N} :/ * PTH, € du]PT {Hy U —u}
K ; K

tRy

K t
< / Y PTIH, € du] (P;[Hy < Tl + P {Hy < %D
0

tR tR
<P [Hgg < YN} (P; [Hy < T + P [Hy < —ND .

K
Using (5.8) and ({2.8]) again, the second sum in ([5.7)) is bounded by

21— 1+e—e0)N (22(177’)N2(771+5750)N + Z P;[Hy < Tmix])- (59>
z#y€DyN
The first term in the parentheses of (5.9)) together with the prefactors K from and
220/ =N e 2a < 90 =N+N from (5.7). contributes to the variance by at most

C2(€0+2(»y’_,y)+g+2(1—»y/)+2(’y—1+8—80))]\7 — c2(38—€0)N S CQ-%EQN

if € is small enough, as required by ([5.4)).
For the second term in the parentheses of (5.9)) we need the following lemma whose proof
is again postponed.

Lemma 5.5. Let W} = Zyepmy#z Lu,<iy- Then for every e > 0, P-a.s. for N large
enough, for every x € Dy,
E;wy ] <2V,
Using Lemma [5.5] and including all the prefactors as before, the contribution of the
second term in ([5.9)) to the variance (j5.5|) is bounded by

co+2(y =) +etl—y'+y—14+e—eo+e)N _ oy —y+3e)N —%e0N
c2(e0+2(y'=7) IN — o N < 930N

where for the last inequality we used ([5.2)) again, and choose € small enough. This completes
the proof of (5.4)) and thus of the proposition. O

We proceed by proving the lemmas used in the above proof.

Proof of Lemma [5.5 By |[AB92, Theorem 1| the hitting time H, is approximately expo-
nential in the sense that

t

. 1
PI[H, > t] — e Il

G —
- AN&E7[H,]

Hence, using Propositions and to bound Ay and E7T[H,] respectively, we have for
every € > 0, P-a.s. for N large enough,

PJ[Hx < tN] = (1 — efﬁl}lfx]) + O(Q(E*I)N)

t . -
= Foi T OW2IY) + o).

Finally, if 1 < ¢t5 < 2V this is bounded by ¢ty2EDN | which proves the lemma. O

Proof of Lemma (5.4, By the strong Markov property and the definition of Ef@,
EJ[6F,] > PI[H, € [ty—1, ty — 2N*my]| E] [nzmy (2)°],

5.10
B 6] < PITH. € ft1.te— Noma]) B [ 0. o
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We will now give approximations of the expressions appearing in (5.10]).
Observe that for every s,t > 0,

() < L(2)* + (£(x) — £y(2))"

Using this inequality with t = N?my and s = T, and applying the strong Markov
property at T,x, observing that Y . is v-distributed,

By [Unzmy (2)] < Ef U1, (2)%] + EJ [nzny ()]

By Lemma 5.3 using also that by (3.7)), {y2m, (7)* < N2*m$ < 25V for every € > 0 and
N large enough,

E; VNQWN(x)a] <P [Hx < NQmN]QEN < 9Be—1N

Hence we obtain the upper bound

BT [nomy (2)*] < B g, (2)*] + 2B DN, (5.11)
For a matching lower bound, note that
E:E— |:‘€N2mN (x> ] I:nglx< )al{TmleN2mN}] :

But from Proposition [3.3] it follows that

ET[ngIX( )al{Tmix>N2mN}] < E;—[Tmixal{Tmix>N2’n'LN}:| < Z (kmN)ae_k < C€_C/N2a

k=N2
so that
E][{nomy (2)*] > E7 [0, (2)*] — ce™*N". (5.12)
Combining (5.11)) and (5.12)), we obtain
E7 [tnomy (2)°] = E7 [0n,,,, ()] + O (2% DY), (5.13)
Note also that by , for every € > 0 and N large enough,
E][lr,,, ()] < Ef[Tnix®] < emfy < 27V, (5.14)

To approximate the probabilities in (5.10), we apply Lemma for ty = tp_1 and
tny =t —iN?my, for a fixed t > 0 and 7 = 1,2. Using Lemma to bound Ry and

Proposition to bound E7[H,], for every ¢ > 0, P-a.s. for N large enough, for both
1=1,2,
tRy
KE}[H,]
Inserting both (5.15) and (5.13]) in (5.10)), and using (5.14), for every € > 0, P-a.s. for N
large enough,

PJ[H, € [ti1, ty — iN?*my]] = + 0220t IN) — g (20Fem=0=DN) - (5.15)

tRy
KET[H,] *

This proves the lemma. O

Proof of Lemma[5.9. Note first that

{LN(t);ékZK;U]’f,(t)} {HxEDN Uipy (2 7AZ£ }

B [t] = Bt

mix

( )a] +O(2(27+3872€072)N).
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To control the probability of this event, we introduce some more notation. Set H;,EO) =0,
aY = H,, and for k > 2 define the time of the ‘k-th visit after mixing’ inductively as

Hg(;k) = inf{t > Thix 0 0 ,0-1) + Ha(:k_l) DYy =}

Let NF = min{k > 0, 7P < t} be the number of ‘visits after mixing’ to = before time ¢.
Finally, let I}, = [ty — 2N?*my, tx]. Then

K

U]

=1 (5.16)
+ P][3x € Dy : tRy = 2

+ PJ[3x € Dy ¢ Thix 0 0, > N’my].

K
P13z € Dy : ligy () # Zﬁfz] <P} {Ys € Dy for some s €
k=1

We show that each of the three terms on the right-hand side is smaller than 2~ 350N , which
will prove the lemma.
For the first term in ([5.16)), using the stationarity of v and the Markov property

K
P |Y, € Dy for some s € | J Ik] <K Y PJ[H, <2N’my]. (5.17)
k=1 €D N
By Lemma 5.3 P-a.s. for all z € Dy, for € > 0 small and N large enough,
PT[H, <2N?my] < 2DV,
Since [Dy| < 2= by ([2.§), the right hand side of (5.17)) is bounded by ¢250V2(E=1)N,
Since 7' > 1/2 and by definition gy < 1/4, when ¢ is small enough this is smaller than
225N a5 required.

For the second term in (5.16)), by Lemma and the strong Markov property at Ty,
for every € > 0, P-a.s. for N large enough,

PT[H® < tRy] < PI[H, < tRy]> < 22071+,
Together with to bound |Dy/|, and using and (5.2)), P-a.s. for N large enough,
PI[3z € Dy : Njg, >2] < 2(1=7)N92(y=1+e)N
— 9= )N+(y=1)N+eN
< et < 9~ SN

as required.
Finally we give a bound on the third term in (5.16). By Proposition , P Thix >
N2my] < e=N*. Thus, with (2.8) to bound |Dy|, P-a.s. for N large enough,

Pl 3z € Dy Tix 00, > N?my] < 207V PIT0 > N2my]
< d9 350N,
Together with the previous estimates, this implies that the right-hand side of is
bounded by 2~ 350N , and concludes the proof of the lemma. 0
Proof of Lemma[5.9 Let Ho = 0 and define recursively for ¢ > 1
H;=inf{t >H; 1:Y, € Dy \{Yu,_,}}.

By (2.9)), P-a.s. for N large enough, the vertices in Dy are at least distance JN from
each other. In particular the balls A, = B(z, p.), * € Dy, constructed in Lemma are
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disjoint. Hence, when on y € Dy, the random walk Y should first leave A, in order to visit
Dy \{y}. The strong Markov property and Corollary then imply that H,; stochastically

dominates a Gamma random variable with parameters i and u := 2V o
It WF >4, then H; <t. Hence, for t > p,

t
ETW] =) PIVF =i <Y PIH; <t] <) /0 plu e T (i) du = put.

i>1 i>1 i>1
It follows that

EIWE ] < BT Wi ] + [Dn| P [Tie > N?*my] < uN?my + 207 DNemeV* < 9oV
by , and Proposition This completes the proof. O

For later applications, we state two further consequences of the proof of Lemma
Lemma 5.6. P-a.s. for N large enough,
P [Elx € Dy : ligy(x) > NQmN} < 02_%‘501\7,

and
P,j[l{l’ €eDy: H, < tRN}} > 2%&0N:| < 02_%80]\[‘

Proof. The first claim follows directly from the bounds on the second and third term on
the right hand side of in the proof of Lemma , since the local time in a vertex
that is only ‘visited once after mixing’ is bounded by Ti,ix © O, .

The second assertion can be seen in the following way. Using Lemma to bound the
probability of a single vertex x € Dy to be visited before time t Ry and to bound the
size of Dy, for every € > 0, P-a.s. for NV large enough,

El[[{z € Dy : H, <tRy}|] < 2t7"IN20- 1N < =+l

By (5.2) this is equal to c2C0*9) o choosing ¢ < €¢/4 this is smaller than 215N Then

by the Markov inequality the probability that there are more than 230N vertices visited is

smaller than ¢2- iV O

6. CLOCK PROCESS OF THE DEEP TRAPS

This section contains the main steps leading to the proof of Theorem [I.1] Recall from
(1.8) that the ‘clock process of deep traps’ Sp is given by
t

t
SD(t):/(1\/TYS)]—{YS€DN}d3:/ Tysl{ysepN}dS.
0 0

We now show that Sp converges to a stable process.

Proposition 6.1. Under the assumptions of Theorem [1.1], the rescaled clock processes of
the deep traps g;,lSp(tRN) converge in P-probability as N — oo, in P} distribution on the
space D([0,T],R) equipped with the Skorohod M,-topology, to an a-stable subordinator V.

The proof of Proposition [6.1| consists of three steps. In a first step, we show convergence
in distribution of one-dimensional marginals by showing that the Laplace transform of one-
dimensional marginals converges. This step contains, to some extent, the principal insight
of this paper and is split in two parts: We first show the quasi-annealed convergence
mentioned in the introduction, which is then strengthened to convergence in probability
with respect to the environment. The second and third step of the proof of Proposition |6.1
are rather standard and deal with the joint convergence of increments and the tightness.
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6.1. Quasi-annealed convergence. We establish here the connection between the Lap-
lace transform of the clock process of deep traps and the local time functional Ly studied
in Section [5, The key observation is that the depths of the deep traps are in some sense
independent of the fast chain Y, and can be thus averaged out easily.

To formalize this, we introduce a two-step procedure to sample the environment 7. Let
¢ = (& )seny be ii.d. Bernoulli random variables such that, cf. (2.7),

Pl¢, = 1] =1 —P[&, = 0] = Plz € Dy] = 277N (1 + o(1)).

Further, let E = (Ex)erN be i.i.d. standard Gaussian random variables conditioned to be
larger than B\/;Ngg,, and E = (E,)zen, ii.d. standard Gaussian random variables condi-

tioned to be smaller than #ﬁ g The collections ¢, E and E are mutually independent.
The Hamiltonian of the REM can be obtained by setting

E, = Exl{ggc:l} + Exl{fx:()}' (61)

From now on, we always assume that F, are given by . Observe that in this procedure
the set Dy coincides with the set {z € Hy : {, = 1}.

We use G = o(, ) to denote the o-algebra generated by the £’s and E’s. In particular,
the number and positions of deep traps and all the 7,, y ¢ Dy, are G-measurable. The
depths of deep traps are however independent of G.

In the next lemma we compute the quasi-annealed Laplace transform of Sp. The term
‘quasi-annealed’ refers to the fact that we average over the energies of the deep traps F,
(and over the law of the process), but we keep quenched the positions of the deep traps &,
and the energies of remaining traps £,.

Lemma 6.2. There is a constant K € (0,00) such that for every A >0 and t > 0,
E| By [e a2 g| 2o ot plgs

Proof. Recall the separation event . defined in (2.9). This event depends only on & and
is therefore G-measurable, and by Lemma [2.1| it occurs P-a.s. for N large enough. On .7,
no deep traps x € Dy are neighbors. Since moreover 7, > 1 for x € Dy, all the transition
rates

Te N Ty
1AT,

are G-measurable. That is, on the event .¥, the law of the chain Y is in fact G-measurable.
Therefore, on ., the order of taking expectations over the depth of the deep traps and
the chain Y can be exchanged. Namely, denoting by E the expectation over the random
variables F,, on .7,

qgvy]-f: 15/’7 x7y€HN7

E |:ET [6*$S‘D(tRN)} ‘gi| . [e*ﬁS‘D(tRN):H

- [exp{ — g_)j\v /OtRN TY51{Y5€DN}dS}:|:| (6.2)

=E’ _E[exp{ - QAN Z etRN(.T)Tx}]] )

€D N

1T ﬁ||

I

&
<3

&=

We next approximate the inner expectation on the right-hand side of (6.2)). Since its
argument is bounded by one, it will be sufficient to control it on an event of P]-probability
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tending to 1 as N — oo. Define the event
A = {for all z € Dy, lipy(x) < N°my} N {’LN(t) —t] < 2*%50N}. (6.3)

By Proposition [5.1] and Lemma [5.6} P-a.s. for N large enough, P7[A¢] < e~°V.

When performing the inner expectation of , the local times l;z, () of Y as well
as Dy are fixed, the expectation is taken only over the energies of the deep traps. By
independence of the F, it follows that

E [e_ﬁsp(m”)} = H E [exp {—g%ftRN(x)eﬁ\/ﬁEzH

€D N

= exp{ > logE {exp {—githRN (z)ePVN EH } .

€D N

(6.4)

For u € [0, N*my], let
_ \ _
Y u)=1-E [exp {——ueﬁﬁEz}] .
gN

Since (E,) has standard Gaussian distribution conditioned on being larger than ﬁ%ﬁ log gy,

using that by ([2.7)),

]P’[Ex > BLmloggﬁv] = Plz € Dy] =277V (1 +0(1)),

it follows that

27/N & 82 e VNs
o) = T o) [T e (- as

S sy
We use the substitution s = #ﬁ(ﬁz%—log gy —log A—logu). The lower limit of the integral

then becomes
1

8

For v < N?my, wy is asymptotically dominated by log gy — loggy < —cN, and thus
limy o0 w(N) = —o0. After the substitution,

(log gy —log gy + log A + logu) =: w(N).

19(?1,) _ 2N (1 + 0(1)) /OO 6—2[3#2]\,(Bz—‘,-loggzv—log)\—logu)2 <1 . efeBZ) Ldz (65)
V2 w(N) VN

For u € [0, N?my], using the definition ([1.6]) of gx, the exponent of the first exponential
satisfies

(Bz +log gn — log A — log u)?

282N
N _%%N(ﬁz +af?N - é log(afv2rN) —log A — log u)* (6.6)
_05252

= 5 N + alog A+ alogu + log(afV2nN) — afz + err(z) + o(1).

Here, o(1) is an error independent of the variable z. Note that for the log? u part to be
o(1) it is important that my defined in (3.7) is not too large, see also Remark [6.4 The
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second error term is
1 1
err(z) = ——z2"+ —=z (— log(aBvV2mN) + log A + log u)
o

Observe that limy_,o err(z) = 0 for every z € R, and that for every e there is Ny large
enough, so that for N > Ny and all z € R
err(z) < ¢glz|. (6.7)

Inserting the results of the computation back into ([6.5]), using that a?3?/2 = ~log 2,
we obtain

9(u) = af20 "IN yoye / e~ opzter(z) (1 —~ e*e‘”) dz (14 o(1)). (6.8)
w(N)
We now claim that
/ efaﬁz+err(z) (1 _ 6*6ﬁ2> dz N_>—OO> efaﬁz (1 — eieﬁz) dz =: C. (69)
w(N) R

Indeed, the integrand converges point-wise on R to e=*%*(1 — e_eﬁz) which is integrable
if @ < 1. Moreover, by , the integrand is bounded by e~®#**elzl(1 — e_eﬁz), which
is integrable if we choose ¢ < 3(1 — a) A a3. The claim follows by the dominated
convergence theorem.

We now come back to (6.4)). Since on A, lir,(z) < N?my for all z € Dy, and 7' < 7,
we see that ¥(igy (x)) = o(1) uniformly in x € Dy on A. With log(1 —z) = —z(1+O(x
as x — 0 this yields

B [e,ﬁsg(tRN)} _ exp{ Z log (1 — V(liry (x)))}

$EDN

- exp{ — 3" by ()1 +o(1))}.

z€DN

The inner sum can be easily computed from (6.8). Recalling that on A the local time
functional Ly(t) converges, denoting K = afC, we obtain on A,

S Wluny (1) = aBON2IN 37 o (2)°(1 + 0(1)

€D N z€DN
= aBCX*Ly(t)(1+o(1))
=KXt +o0(l) as N — oc.

(6.10)

It follows that on A

E[e—ﬁSD(tRN)] = RO (WroD) — oK 4 (1) a5 N o0,

Inserting this into (6.2)), using that P7[A°] = O(e~*Y), we conclude that, on ., P-a.s. as
N — oo,

B [E7 [ ) 6] = By [B e 1] 1 0fen) = ¥ o)

Since . occurs P-a.s. for NV large enough, this completes the proof. 0
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6.2. Quenched convergence. We strengthen the convergence in Lemma 6.2 in the fol-
lowing way.

Lemma 6.3. The one-dimensional marginals of the rescaled clock processes gn'Sp(tRy)

converge in P-probability as N — oo, in P]-distribution to an a-stable law, that is for
everyt >0 and \ > 0,

A oo o . ..

E? [e_ﬁsv(tRN)} Noroo, oKt in P-probability.

Proof. 1t will be enough to show that P-a.s. for N large enough,

E [ET [e—ﬁsD(tRN)]2

Q} = e 2N 4 o(1). (6.11)
Indeed, if (6.11]) holds, then the conditional variance
Var [E; [e_ﬁSD(tRN)] ‘ g} RNy} P-a.s.,

and the claim follows by an application of the Chebyshev inequality and Lemma |6.2]
To show (6.11]), we rewrite

E [EZ [e’ﬁso(tRN)} 2 Q] - [E; [e*ﬁ Seeny (EE}QN (x)+eg;)N (z))Tz]

|,

where () and ¢® are the local times of two independent Markov chains YY" and Y, both
having law P, and EZ is the expectation with respect to the joint law PJ of these chains.
Again P-a.s. for N large enough the separation event .# holds, and on this event the law
plf is G-measurable. Therefore we can exchange the expectations similarly as before. As
in Lemma , it will be enough to control the expression on an event of Plf -probability
tending to 1 as N — oo. We thus set A = ADN A where A are defined for both chains
Y@ as in . Applying Proposition and Lemma for both independent chains, we
have that P-a.s. as N — oo, PT[A] = O(e V).
Let C be the event that Y and Y® visit disjoint sets of deep traps,

C= {{I € Dy : KEQN(x) >0}N{x € Dy: EE?N(:L') >0} = (ZJ}.

We claim that P7[C] = O(e~N), P-a.s. as N — oo. Indeed, by Lemma , with proba-
bility larger than 1 — 2~ 10N , the chain YV visits at most 230N different vertices in Dy.
By Lemma each of those vertices has probability smaller than ¢200~1+9)N of being hit
by Y® for every ¢ > 0, P-a.s. for N large enough. Therefore by the choice (5.1)) of &,
P-a.s. for N large enough,

p;[cc] S cQ—iEoN +2%EONC,2(7_1+S)N S C2—i€0N+Cl2—%€0N+€N7

which decays exponentially if ¢ < g¢/2.
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Since on C the 7, of the vertices x € Dy visited by Y1) and Y® are independent, and
since the integrand is bounded by 1, we have on the separation event .,

A;- B _)\ZIGDN(KEBN(I)+£§?N(I))TZ:|:|

E eiﬁ ZmEDN MS‘B)N( )+€§QR)N(I))TJE:| 1AﬂC:| + O(e_CN)

— ;- E e gj\v ZxEDN S%)N( )Tﬂc:| E |:€ gj\\f erDN ii)N( )Tac:| 1Amc:| —I—O(G_CN).

Using the same procedure as in the proof of Lemma on the event /l, the two inner
expectations, x € Dy, both converge to

exp{ — A0 =N Z e,ﬁj;N (a:)a} = exp{ — ICAO‘L%) (t)}, 1=1,2.

z€DN

Moreover, on A, the local time functionals Lgf,) (t) concentrate on t simultaneously. It
follows that on ., P-a.s. as N — o0,

E {ET [e 5D (tRN} ’g} = 2N (1),

Noting again that .# occurs P-a.s. for N large enough, this shows (6.11)), and hence the
lemma. 0

Remark 6.4. (a) Inspecting the last proof carefully, it follows that Lemma can be
slightly strengthened. Namely, the stated convergence holds a.s. with respect to £ and E,
and in probability only with respect to E. The same remark then applies to Theorem .

(b) A closer analysis of the errors made in the computation of the quasi-annealed Laplace
transform, in particular in (6.6]), shows that the error in Lemma and ((6.11)) is of order
O(N~'log® N), where the logarithmic part comes from the log”u part in (6.6), u being
bounded by N?my, and my being polynomial in N. Therefore the variance decay is not
enough to apply the Borel-Cantelli lemma and obtain P-a.s. convergence.

(¢) Note also that the previous proof, more precisely bounding the log? u part of ,
requires that log(N?my) < N'/2. This is where our improved techniques to estimate the
spectral gap in Proposition are necessary. As we already remarked, the techniques of
[FIKP9]] show roughly that my < eV¥1e N only, which is not sufficient.

6.3. Joint convergence of increments. In the next step, we extend the convergence to
joint convergence of increments.

Lemma 6.5. The increments of the rescaled clock processes gy Sp(tRy) converge jointly
in P-probability in P]-distribution to the increments of an a-stable subordinator.

Proof. Fix k > 1 and 0 =ty < t; < -+ < tp. We will show that for every \i,..., \x €
(0,00) and P-a.e. environment 7,

N—oo N—o0

k
lim_ 57 [e7aw i NSRSl iy T B {e U RN CRE)
=1



AGING OF THE METROPOLIS DYNAMICS ON THE RANDOM ENERGY MODEL 29

Then the lemma follows by using the above proved convergence in P-probability in P]-
distribution of the one-dimensional marginals.
Let I' = [t;Ry — N*my, t;Ry]. For a set I C [0,00), let V(I) be the event

V(I)={Y; ¢ Dy for all s € I}.
On the event V (UF_,I"), for every i <k,
Sp(tiRn) — Sp(tioi Ry) = Sp(t;Ry — N*my) — Sp(ti_1Ry). (6.13)
Moreover, by Lemma [5.3] P-a.s. for all x € Dy, for € > 0 small and N large enough,
PT[H, < N?my] < 267DV,

By , |Dy| < CQ(I*VI)N, hence the expected number of vertices x € Dy visited in a
time-interval of length N?my is smaller than 27N P-as. for N large enough. This
still holds for a finite union of intervals of length N?my, and so we conclude that by the
Markov inequality, P} [V (Uf,I?)] — 1, P-a.s. as N — oco.

The reason to shorten the time intervals as above is to give the Markov chain Y the time
it needs to mix. Define the event

M = {Tmix o QtiRN—NQmN S NQmN‘v’i = 1, .. ,k}

It is easy to see using Proposition 3.3 that PJ[M] — 1, P-a.s. as N — co. On the event M
the Markov chain Y always mixes between t; Ry — N?my and t; Ry and thus, by Lemma ,
for every i = 1,...,k and y € Hy,

P;—[}/;iRN =Y ’ M] = Uy.
Therefore, on M,

(S’D(tzRN - NQmN) - S’D(tz‘—lRN))izl K i (Sg)((tz - ti—l)RN - NQmN)> s

i=1,....k
(6.14)
where the SDZ are the clock processes of the deep traps of independent stationary started
processes Y ) having the same law as Y.

Combining observations and m, with the estimates on the probabilities of
V (Ulefi) and M, since the integrand is bounded by 1, we obtain that P-a.s. as N — oo,

o [e_ﬁz Xi(Sp (ti Ry)—Sp (ti 1RN))]

1 ’m
_ ET |:€ 9N it Mi(Sp (bR —N?m ) =S (ti- 1RN))1 (Ui_g:lIi)mM] +0(1>

- - A S(') ti—ti—1)R —N2m
_ A g (4, m
_ HET |:6 QNS ((t;—ti—1)Rn—N? N):| +0<1)
Using analogous arguments it can be shown that for every i =1,... k, P-a.s. as N — oo,

Q) (1)
E;— |:6_‘1NS ((ti—ti—1)RN—N mN):| _ E; |:€ ‘INS ((ti—ti— 1)RN):| _'_0(1)

Combining the last two equations proves ((6.12]) and hence the lemma. O
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6.4. Tightness in the Skorohod topology. The last step in the proof of Proposition 6.1
is to show tightness.

Lemma 6.6. The sequence of probability measures P] [gJQlSp(tRN) € } 1s P-a.s. tight
with respect to the Skorohod M -topology on D([0,T],R).

Proof. The proof is standard but we include it for the sake of completeness. By [Whi02),
Theorem 12.12.3], the tightness in the Skorohod M;-topology on D([0,T],R) is character-
ized in the following way: For f € D([0,7],R), § >0, t € [0, 7], let

wy(d) = sup {aé%f,u [f(t) = (aft) + A —a)f(t))]: h<t<tz<T t2 -t < 6} :

vp(t,0) = sup{|f(t1) — f(t2)| : t1, 82 € [0, T]N(t = 6,1 +0)}.
The sequence of probability measures Py = P7[gy'Sp(tRy) € -] on D([0,T],R) is tight
in the M;-topology, if

(i) For every € > 0 there is ¢ such that

Py[f: Ifllc >¢] <e, N2>1 (6.15)
(ii) For every e > 0 and n > 0, there exist § € (0,7) and Ny such that
Py[f: wg(0) >n] <e, N> Ny, (6.16)
and
Py[f: v(0,0) > n] <eand Py[f: vp(T,0) >n] <e, N >N (6.17)

Since the clock processes are increasing, is equivalent to convergence of the dis-
tribution of g5'Sp(TRy), which follows from the convergence of the Laplace transform of
the marginal at time 7. (6.16]) is immediate from the fact that the oscillating function
wy(6) is always zero since the processes gx' Sp(tRy) are increasing. To check (6.17), again
by the monotonicity of the gy'Sp(tRy) it is enough to check that for § small enough and
N > Ny, PI[gn' Sp(6Ry) > 1] < €. By the convergence of the marginal at time &, we may
take § such that P[V,(6) > n] < § and Ny such that for N > N,

P7 [ so(on) 2 ) - PIVA(6) 2 ] <

o ™

The reasoning for v;(7’,9) is similar. O

7. SHALLOW TRAPS

In this section we show that the convergence of the clock process of the deep traps shown
in Section [6] is enough for convergence of the clock process itself.

Proposition 7.1. Under the assumptions of Theorem the clock process of the deep
traps approrimates the clock process, namely, for every t > 0,

1 o0 : .
— (S(tRy) — Sp(tRn)) EmaNy) P-a.s. in P]-probability.
gn
Proof. We will split the set of shallow traps Sy := Hy \ Dy into two parts and separately
deal with the corresponding contributions to the clock process.
We start with ‘very shallow traps’. Let 6 > 0 be a small constant which will be fixed
later and hy = ¢**#*N . Define the set of very shallow traps as

gN:{IEHNi TxShN}.
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The contribution of this set to the clock process can easily be neglected as follows. Write

1 tRN 1 .
g—N/O (1 V TYs)]‘{YSEEN}dS = g_N Z (1 V Tx)Ey [gtRN(ilf)}

TESN
Note that E7[l;ry (7)] = vetRy = Z5' (1 AT)tRy, and (1V 7,)(1AT,) = 7, < hy on Sy.
With ([2.3)) for Zy, and Lemma for Ry, for every € > 0, P-a.s. for N large enough, the
right-hand side of the last equation can be bounded from above by

g]—vl 2NhNZ;,1tRN < cgﬁleéa52N2('y+e)N.
To obtain exponential decay of this expression, it is enough to take account of the exponen-

042/32
2log 2’

ET

v

tial part of gy, which is e*P*N. Then, up to sub-exponential factors, using that v =
the above is bounded by

exp {((0 — 1)aB® + %QQﬁQ + elog2)N }.

Since a < 1, by choosing ¢ and § small enough this can be made smaller than e~V for
some ¢ > 0. Applying the Markov inequality and the Borel-Cantelli lemma,

1 tRN
— (1V v 1y, 5,148 2 P-a.s. in P]-probability. (7.1)
gn Jo )

To control the contribution of the remaining shallow traps Sy \ Sy, we first split this
set into slices S4 as follows. Set

1
Iy = [@(log gy — log hN)-‘ .

Note that by definition of g% and hy, for 6 small as fixed above, Iy = ¢N + O(1) for some
c>0. Fore=1,... Iy, let

Siy={reSy\Sy: 7 €27, 27 g},

so that Sy \ Sy = U, Sk
We next control the sizes of the slices S§. By the tail approximation (2.2)), for all
i=1,... Iy,

‘ 1 .
Ply € Si] <P[E, > S ondh —ilog 2)|

(7.2)
—f(l)eX _1 12 32 i _ @2
= fn€xp 5 B°N +a'ilog2 — fr; —o(1) (1 +0(1)).
We separately control the two expressions f ](\}i and f](\? )Z The first one equals
1 O/B\/ 2T N
Ni = "5 : :
ﬁﬁ(log gy — ilog2)
To control this, note that by definition of Iy, foralli =1,..., Iy,
log gy —ilog2 > log hy — log2 = 63N — log 2.
It follows that, for all i =1, ..., Iy, f](\,l)l is bounded by some constant ¢ > 0, which can be

chosen to be independent of i. The second expression to control in (|7.2)) is

.9 2 .
2  “log®2 ilog2
fni= 2N + VN log(a/ V27 N).
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This is strictly positive, so it can be omitted in in order to obtain an upper bound.
Using the obtained control on f and sz in . as well as the fact that v = 2125 22, we
conclude that for all i =1, ... ,IN,

Ply € Si] < 277Vt

In particular, the size |S%/| of the i-th slice is dominated by a binomial random variable
with parameters n = 2V and p = ¢2%2=7N_ Then it follows by the Markov inequality
that for every € > 0,

P[|Sy| > 2V 22 1207N] < 97N,
Since Iy = ¢N 4+ O(1), a union bound and the Borel-Cantelli lemma imply that for every
€ > 0, P-a.s. for N large enough,
|Si | < 2V 207N foralli=1,..., Iy. (7.3)

Coming back to the contribution of the intermediate traps Sy \ Sy to the clock process,
we use as before that E] [lig, (y)] = vtRy = MTthN, and (1V7)(1AT,) =1, <27gy
on S&. With ( . ) for Zy, Lemmam 4.4 for Ry, and . for the size of S, we obtain that

for every € > 0, P-a.s. for IV large enough, for all: =1,..., Iy,
1 [t 1
B [ v ) tmesds| = o 30 1V 1) ELltun, (o)
gN 0 gN ESi
< Cg_NQ(a—l)i2(7—7’+2s)N_
9N
Summing over ¢ = 1,..., Iy, P-a.s. for N large enough,
1 /9N (y—7'+26)N
T . JIV Y= €
E; QN/ (1 VTY5>1{YSEU1N si} ds| <c 9N2 . (7.4)

We claim that the right hand side of (7.4) decays exponentially in N for £ > 0 small
enough. To this end, as before, it is enough to take account of the exponential parts in
both gy and ¢j, which contribute to the right hand side of (7.4)) by

(@ —0)BN _ oW =y NEN

Hence, to show the exponential decay on the right hand side of (7.4)), it is sufficient to
prove that we can choose € > 0 small enough, such that

2
(\/_'—\/7)—6+7—7’+25<0. (7.5)
With a first order approximation of the concave function /x at +,
1
<
270" <V - V7
Since, # = Qiﬁ > 56 and a < 1, this implies
Be

2571~ V) < VA=V
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and ([7.5) thus holds for € > 0 small enough. The right hand side of ([7.4) then decays
exponentially, and with Markov inequality we conclude that

1 tRn o
— (1v Tys)l{y Uy s }ds 200 Pas. in P7-probability.
gN 0 s i=1%N
This together with ([7.1]) finishes the proof of the proposition. O

8. CONCLUSION
Theorem [I.1]is a direct consequence of Propositions [6.1] and Lemma [4.4]

APPENDIX A. EXTREMAL CHARACTERIZATION OF MEAN HITTING TIME

In this appendix we give the proof of the formula (4.1)) which gives a lower bound on the
mean hitting time of a set when starting from stationarity. This formula is a continuous-
time version of (a half of) Proposition 3.2 from [CTW11]. This proposition, as well as the
underlying result [AF02, Proposition 3.41], are stated for a continuous-time Markov chain
whose waiting times are mean-one exponential random variables. We were not able to find
analogous statements for general continuous-time Markov chains in the literature, so we
provide short proofs here, for the sake of completeness.

We start by introducing some notation. Let Y be a reversible continuous-time Markov
chain on a finite state space & with transition rates g,, and invariant probability measure
V., denote by P, and P, the laws of Y started stationary and from z respectively, and by
E,, E, the corresponding expectations. Define the conductances as ¢zy = VpQuy = VyQya-
Let ¢, = Zy Qzy and ¢, = Zy Czy- The transition probability from x to y is pyy = %’ = Cc””—f
In the same way as in Section , we define the hitting time H, and the return time H} to
x by Y, and similarly H4 and H for sets A C S.

A function g on § is called harmonic in z, if Zyg(y)pxy = g(z). For z € § and
B C 8\ {z}, the equilibrium potential g} 5 is defined as the unique function on S that is

harmonic on (x U B)¢, 1 on z and 0 on B. It is well known that
9:,5(y) = Py[Hy < Hp].
For a function g : S — R, the Dirichlet form is defined as

D(0.9) = £ 33 vatay0(2) — 9(0))" (A1)

2€S y~z
where y ~ z means that y and z are neighbors in the sense that g, > 0.
The following proposition is the required generalization of Proposition 3.2 of |[CTW11].

Proposition A.1. For everyx € S and B C S\ {z}
1

<

E,|H,] —

To prove this proposition we will need a lemma which is a generalization of [AF02l
Proposition 3.41] giving the extremal characterization of the mean hitting time.

D(g3.5, 92.5)v(B) " = co Po[H,| > Hplv(B) ™. (A.2)

Lemma A.2. For every x € S,

Ey[le} = inf {D(979) L g SR, gx) =1, rgy) = o}. (A.3)

yeS
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Proof. The proof follows the lines of [AF02] with some minor changes to fit into the setting
of general continuous-time chains.
We first show that there is a minimizing function g that equals g(y) =

Zy = /Oo (P =a] = v, ) dt.

To this end, we introduce the Lagrange multiplier v and consider g as the minimizer of
D(g,9) + >, v.g(2) with g(x) = 1. The contribution to this of g(y) for y # z is

> vy (9(y) — 9(2))* + y9(y),

zZ~y

Yy
7, where

which is minimized if
QZVyQyz —9(2)) + vy = 0.
z~y
From this we get for all y € S, by introducing the term including the parameter 5 for the
case y = x, that

Multiplying by ¢, and v,, and summing over all y € S,

Zzyyqz,fzg Zznyyzg - % + ﬂVx.

Yy 2y Yy o zvy

By reversibility v,q,. = v.q.,, so the term on the left and the first term on the right are
identical, which gives 7 = Sv,. Thus there is a minimizing g such that

9(y) = q’iyu{y:z} )+ 302y (A4)

z~y

We now show that up to the factor 8 the function y — Z,, satisfies the same relation.
Indeed, by the strong Markov property at the time .J; of the first jump of Y, which under
P, is an exponential random variable with mean qi,

Y

Zyw = /000 (/0" (Lyes) — v )dt+z%/w (P.[Y; = 2] — yx)dt> dP,(J)

dy

The function g(y) = y“ thus satisfies the constrains of the variational problem in (A.3))
and fulfills with 6 = 1/Z,,. Tt is thus the minimizer of this variational problem.

Moreover, by [AF02, Lemmas 2.11 and 2.12], we have Z,, = E,[H,|v, and v, E,[H,| =
Zyy — Zys. Denoting h(y) = E,[H,] and using these equalities, we obtain

1 1
D = ——=D(h,h) =
99 = B pP " T By
where for the last equality we used D(h,h) = E,[H,], by e.g. [AB92, Lemma 6]. This
completes the proof. 0

With this lemma the proof of Proposition follows the lines of [CTW11].
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Proof of Proposition[A.1. To prove the inequality in (A.2)), it is sufficient to modify the
function gy p so that it becomes admissible for the variational problem in Lemma .
Write g* for gy 5 and define g on S as

i(2) = 9°(2) = 2 yes vu9" ()
1= es9*(y)
Then § equals 1 on z and )__ ¢ v.g(z) = 0. Hence, by Lemma [A.2]

-2

B < P@:9)=Dlg"g) (1~ > wg'(v)

yeS
But ¢g* is non-negative, bounded by 1 and non-zero only on B¢, therefore Zye s (y) <
v(B°), the first part of Proposition follows.
To prove the equality in (A.2]), we show that
D2 655) = PolHE > Hilea, (A.5)
Indeed, let again g* = g; 5. If g* is harmonic in z, the second sum in the Dirichlet form
(A.1)) is
D ey (2) =g W) =D eyl () — g*(2)?).

yr~z Yy~z
This shows that the contribution to the Dirichlet form of every edge that connects two
vertices in which ¢* is harmonic or zero vanishes. Therefore D(g*, g*) reduces to

D(g*,g") = % D (1= W)+ w1 — "))

Yy~ T Yy~x

=> (-9 )

Yy~
= Cg prypy[Hx > HB]
Y~z

= ¢, P,[H > Hp.

This proves (|A.5) and thus the proposition. O
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